The magnetocrystalline anisotropy of dysprosium and terbium-scandium alloys by Welford, J.
Durham E-Theses
The magnetocrystalline anisotropy of dysprosium and
terbium-scandium alloys
Welford, J.
How to cite:
Welford, J. (1974) The magnetocrystalline anisotropy of dysprosium and terbium-scandium alloys, Durham
theses, Durham University. Available at Durham E-Theses Online: http://etheses.dur.ac.uk/8192/
Use policy
The full-text may be used and/or reproduced, and given to third parties in any format or medium, without prior permission or
charge, for personal research or study, educational, or not-for-proﬁt purposes provided that:
• a full bibliographic reference is made to the original source
• a link is made to the metadata record in Durham E-Theses
• the full-text is not changed in any way
The full-text must not be sold in any format or medium without the formal permission of the copyright holders.
Please consult the full Durham E-Theses policy for further details.
Academic Support Oﬃce, Durham University, University Oﬃce, Old Elvet, Durham DH1 3HP
e-mail: e-theses.admin@dur.ac.uk Tel: +44 0191 334 6107
http://etheses.dur.ac.uk
THE MAGNETOCRYSTALLINE ANISOTROPY 
OF DYSPROSIUM AND 
TERBIUM-SCANDIUM ALLOYS 
J. Welford, B.Sc. 
Presented i n Candidature f o r the Degree of 
Doctor of Philosophy 
May 1974 
2 AUG 1974 
SEOTin' 
LIB 
Table of Contents 
Page 
Table of Contents i 
Abstract v 
L i s t o f Tables and I l l u s t r a t i o n s v £ 
CHAPTER 1 - INTRODUCTION 
1.1 Aims of t h i s I n v e s t i g a t i o n 1 
JL.2 Some Basic Pr o p e r t i e s of the Rare Earths, Y t t r i u m 
and Scandium ] 
1.2.1 E l e c t r o n i c Structures 2 
1.2.2 I o n i c and Atomic Magnetic Moments 3 
1.2.3 C r y s t a l Structures 4 
1.2.4 I o n i c Dimensions 6 
JL.2.5 A l l o y i n g P r o p e r t i e s 6 
CHAPTER 2 - SOME BASIC CONCEPTS AND DEFINITIONS 
2.1 Units 8 
2.2 V a r i e t i e s of Magnetic Behaviour 10 
2.2.1 Diamagnetism 10 
2.2.2 Paramagnetism 11 
2.2.3 Ferromagnetism 14 
2.2.4 Antiferromagnetism 17 
2.2.5 Ferrimagnetism 18 
2.2.6 H e l i c a l Antiferromaguetism 19 
2.2.7 Metamagnetisro 20 
2.3 Demagnetising F i e l d s 22 
2.3.1 The Use of Demagnetisation Factots i n 
Reading Magnetisation Curves 22 
CHAPTER 3 - MAGNETOCRYSTALLINE ANISOTROPY 
3.1 Anisotropy Energy 24 
3.2 Expressions f o r the Anisotropy Energy 25 
3.3 O r i g i n s of Magnetocrystalline Anisotropy 27 
3.3.1 The Two-Ion Model 28 
3.3.2 The One-Ion Model 30 
3.4 M a g n e t o s t r i c t i o n and i t s C o n t r i b u t i o n to 
Magnetocrystalline Anisotropy 32 
3.5 V a r i a t i o n of Anisotropy w i t h Temperature 37 
3.5.1 Q u a l i t a t i v e Discussion 37 
3.5.2 Temperature V a r i a t i o n of Anisotropy of 
Single-Ion O r i g i n 39 
3.5.3 Temperature V a r i a t i o n o f Anisotropy of 
Two-Ion O r i g i n 42 
i i . 
3.6 V a r i a t i o n of M a g n e t o s t r i c t i o n w i t h Temperature 46 
3.7 Temperature V a r i a t i o n o f M a g n e t o s t r i c t i o n or 
Anisotropy as an I n d i c a t i o n of the Fundamental 
Mechanism Involved 47 
CHAPTER 4 - MAGNETIC ORDERING IN THE RARE EARTHS 
4.1 V a r i e t i e s of Magnetic Ordering i n the Rare Earth Metals 48 
4.2 I n t e r a c t i o n s Causing Magnetic Ordering 49 
4.2.1 I n d i r e c t Exchange 49 
4.2.2 The E f f e c t of M a g n e t o s t r i c t i o n and Magneto-
c r y s t a l l i n e Anisotropy on Magnetic Ordering 
i n the Heavy Rare Earths 53 
4.3 Anisotropy and Related Measurements i n Terbium 56 
4.4 Anisotropy and Related Measurements i n Dysprosium 59 
4.5 The E f f e c t s on the Magnetic Orderings of Heavy 
Rare Earths of A l l o y i n g w i t h Y t t r i u m 61 
4.6 The E f f e c t s on the Magnetic Ordering of Heavy Rare 
Earths of A l l o y i n g w i t h Scandium 63 
CHAPTER 5 - METHODS OF DETERMINING ANISOTROPY CONSTANTS 
5.1 Anisotropy Constants from Magnetisation Curves 66 
5.2 Anisotropy Constants from Torque Measurements 67 
5.3 Anisotropy Studies Using Ferromagnetic Resonance 71 
5.4 Anisotropy Studies Using I n e l a s t i c Neutron S c a t t e r i n g 74 
5.5 Other Methods of Measuring Anisotropy Energy 74 
5.6 Choice of Method of Determining Anisotropy Constants 75 
CHAPTER 6 - THE APPARATUS 
6.1 General D e s c r i p t i o n and P r i n c i p l e s of Operation 76 
6.2 The C r y s t a l Specimens 79 
6.3 S e t t i n g up the Apparatus 79 
6.3.1 Etching and Mounting the C r y s t a l Specimens 79 
6.3.2 O r i e n t a t i o n o f the Crystals on the 
Magnetometer 81 
6.3.3 Replacement and Adjustment of the Suspension 82 
6.4 Further D e t a i l s of the Apparatus and i t s Use 85 
6.4.1 Temperature Control and Measurement 85 
6.4.2 The Optical System 86 
6.4.3 The A m p l i f i e r 87 
6.4.4 Arrangements f o r Automatic Recording 89 
6.4.5 The Electromagnet 90 
6.5 S t a b i l i t y Considerations i n the Design of the 
Magnetometer 92 
i i i . 
CHAPTER 7 - CALIBRATION OF THE MAGNETOMETER 
7.1 C a l i b r a t i o n s Using Flux Meters 96 
7.2 C a l i b r a t i o n Using a Torsion Fibre 98 
7.3 C a l i b r a t i o n Using a Current Carrying Solenoid of 
Known Dimensions 100 
C^HAPTER 8 - ANALYSIS OF TORQUE CURVES 
8.1 General Features of the Curves 102 
8.2 Calculations of the Amplitudes and Phases of 
Components of the Torque Curves 105 
8.3 The Determination o f the Easy Axis from Phase Angles 109 
8.3.1 The Sign of K 4 110 
8.4 Method of Reading the Torque Curves 110 
8.5 Errors i n Reading Torque Curves 111 
8.6 Shearing of the Torque Curves 112 
8.7 Correction f o r Shear 116 
8.8 Phase D i f f e r e n c e Between Fourier Components of 
Clockwise and Anti-Clockwise Curves 118 
8.9 D i s t o r t i o n o f the Curves due to Variable Hysteresis 
Torques and i t s C o r r e c t i o n 119 
8.10 Estimate of Errors 120 
CHAPTER 9 - RESULTS AND DISCUSSION 
9.1 The Tb„ , n c S c n 0 r t C Basal Plane Disc 122 
0.695 0.305 
9.1.1 O r i e n t a t i o n o f the Specimen 122 
9.1.2 The Torque Measurements 122 
9.2 The Tb Q 8 2 5 S c 0 1 7 5 B a s a l Plane Disc 123 
9.2.1 O r i e n t a t i o n and Determination of the Easy Axis 
of Magnetisation 123 
9.2.2 Obtaining the Curves 124 
9.2.3 The Results 124 
9.2.4 E x t r a p o l a t i o n t o I n f i n i t e F i elds 124 
9.2.5 V a r i a t i o n i n the Amplitude of the sin20 
Component 127 
9.2.6 V a r i a t i o n i n R o t a t i o n a l Hysteresis 127 
9.2.7 Comparison of the Results w i t h Theory 128 
9.3 The Tb. Q OSc_ n i Basal Plane Disc 130 
9.3.1 The Results 130 
9.3.2 Comparison w i t h Theory 131 
i v . 
9.4 Terbium Basal Plane Disc 132 
9.5 Terbium-Scandium A l l o y s and Terbium: Conclusions 133 
9.6 Dysprosium Basal Plane E l l i p s o i d 134 
9.6.1 The Results 134 
9.6.2 Discussion: Results, 77 to 100K 136 
9.6.3 Discussion: Results Above 136K 139 
9.6.4 Temperature V a r i a t i o n of f o r Dysprosium 146 
9.7 Dysprosium: Conclusions 147 
9.8 Suggestions f o r Further Work 148 
Acknowledgements 150 
--References 151 
Appendix I Programme f o r the Analysis o f the Torque Curves 158 
Appendix I I Table of Normalised Hyperbolic Basal Functions 161 
V 
A b s t r a c t 
The constant f o r the hexagonal magnetocrystalline anisotropy 
of the basal plane has been measured a t various temperatures between 
77K and 180K f o r a l l o y s of Terbium and Scandium of compositions 
Tb Sc. where x = 0.695. 0.825 and 0.89 x 1-x ' 
using a torque magnetometer w i t h automatic balancing and r e c o r d i n g . 
Simple methods were devised f o r s e t t i n g up the instrument and f o r 
analysing torque curves so as t o c o r r e c t f o r shearing and d i s t o r t i o n s 
i n t roduced by r o t a t i o n a l h y s t e r e s i s . I n s t a b i l i t y i n the magnetometer was 
cured by i n c r e a s i n g the speed of response. Three methods of c a l i b r a t i o n 
were compared. 
The v a r i a t i o n of w i t h temperature f o r the Tb/Sc a l l o y s i n d i c a t e s 
t h a t the anisobropy i s of s i n g l e i o n o r i g i n and due t o the second order 
m a g n e t o s t r i c t i o n of hexagonal symmetry. Analysis of the r e s u l t s of P.K. 
Bl y ( 1967, Ph.D. t h e s i s , U n i v e r s i t y o f Durham, unpublished) leads t o 
the same conclusion f o r pure Terbium. Estimates of a t absolute zero 
i n d i c a t e t h a t the hexagonal anisotropy c o n t r i b u t e s s i g n i f i c a n t l y t o the 
d r i v i n g energy t o ferromagnetism i n pure Terbium end the Terbium r i c h 
a l l o y s . 
Reported changes i n the easy a x i s of Dysprosium have been i n v e s t i g a t e d . 
Those below 80K are associated w i t h h y s t e r e s i s i n the movement of the 
domain w a l l s and are not r e p r o d u c i b l e . Those abiove 150K may be explained 
by the existence of f a n - l i k e s p i n strucbures bub could also be due t o the 
unoerbainty associated w i t h determinations of easy a x i s using a torque 
magnetometer w i t h an unsaturated specimen,, 
v i 
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1. 
CHAPTER 1 
INTRODUCTION 
1.1 Aims o f t h i s i n v e s t i g a t i o n 
I n the heavy Rare Earth metals the magnetic ordering i s , s t r o n g l y 
i n f l u e n c e d by m a g n e t o s t r i c t i o n and magnetocrystalline anisotropy 
energies; both help t o p r e c i p i t a t e the onset of ferromagnetic behaviour 
and the l a t t e r energy determines the d i r e c t i o n o f the spontaneous 
magnetisation i n the ferromagnetic s t a t e and the d e t a i l e d form of the 
p e r i o d i c a n t i f e r r o m a g n e t i c s t r u c t u r e s . 
The aims of t h i s i n v e s t i g a t i o n were: 
(1) t o measure the basal plane anisotropy c o e f f i c i e n t s of a 
seri e s of Terbium-Scandium a l l o y s as a c o n t r i b u t i o n t o 
an understanding of the s t r i k i n g e f f e c t of d i l u t i o n w i t h 
Scandium on the magnetic ordering of the Rare Earth; 
(2) t o examine f u r t h e r the changes of easy axis i n Dysprosium 
r e p o r t e d by Bly et a l . (1969); 
(3) t o examine the p o s s i b i l i t y o f determining the o r i g i n o f 
the basal plane anisotropy from the temperature v a r i a t i o n 
o f the c o e f f i c i e n t s f o r the a l l o y s , pure Terbium and 
Dysprosium. 
1.2 Some basic p r o p e r t i e s of the Rare Earths, Scandium and Y t t r i u m 
The Rare Earths or Lanthanides are the 15 m e t a l l i c elements having 
the atomic numbers 57 t o 71 i n c l u s i v e . A l i s t , together w i t h some of 
t h e i r r e l e v a n t p h y s i c a l p r o p e r t i e s , i s given i n Table 1.1. S i m i l a r 
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i n f o r m a t i o n f o r Scandium and Y t t r i u m i s added to the l i s t . These two 
elements are also members of group I I I A of the p e r i o d i c t a b l e and have 
many p r o p e r t i e s i n common w i t h the r a r e earths. 
The chemical p r o p e r t i e s of the r a r e e a r t h metals are very s i m i l a r 
and t h i s made the separation o f the pure elements extremely d i f f i c u l t 
before the development o f the ion-exchange method. A l l are a c t i v e 
reducing agents although they are moderately s t a b l e i n dry a i r . Europium 
i s attacked most e a s i l y by moist a i r and so too are Lanthanum, Cerium, 
Praseodymium and Neodymium i n order of decreasing a c t i v i t y . Samarium, 
the heavy r a r e earths, Scandium and Y t t r i u m are more s t a b l e , Dysprosium 
and Terbium among the r a r e earths being l e a s t a f f e c t e d by a moist 
atmosphere w h i l e Scandium i s not attacked r a p i d l y even by water. 
Of s p e c i a l relevance t o t h i s i n v e s t i g a t i o n are the e l e c t r o n i c 
c o n f i g u r a t i o n s , the c r y s t a l s t r u c t u r e s and the a l l o y i n g p r o p e r t i e s of 
these metals. A survey of t h e i r general p r o p e r t i e s i s given by Taylor 
(1970). 
1.2.1. E l e c t r o n i c S t r u c t u r e s 
The s i m i l a r i t y o f chemical p r o p e r t i e s i n the Rare Earths arises from 
the s i m i l a r i t y of t h e i r outer e l e c t r o n s t r u c t u r e s . The d i s t r i b u t i o n of 
electrons i n the n e u t r a l atom i s as f o l l o w s : 
. 2 0 2 _ 6 0 2 0 6 ,,10 . 2 . 6 . .10 ,,n c 2 c 6 c , ( l ) , 2 I s 2s 2p 3s 3p 3d 4s 4p 4d 4f 5s 5p 5d 6s 
This i s the Xenon s t r u c t u r e w i t h the a d d i t i o n of a v a r i a b l e number 
of 4f ele c t r o n s (up t o the maximum o f 14) a possible 5d e l e c t r o n and 
two 6s e l e c t r o n s . I n the d e s c r i p t i o n of atomic and i o n i c e l e c t r o n 
s t r u c t u r e s i n Table 1.1, only the a d d i t i o n a l electrons are l i s t e d . 
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The ions are formed by the loss of the 6s electrons and the 5d 
e l e c t r o n ( i f i t e x i s t s ) or of one e l e c t r o n from the 4f s h e l l . An 
exception t o t h i s i s Cerium which sometimes loses both 4f electrons 
g i v i n g the i o n the s t a b l e Xenon s t r u c t u r e and a valency of f o u r . 
Other exceptions are Europium and Ytterbium which are u s u a l l y d i v a l e n t , 
l o s i n g only the two 6s e l e c t r o n s and l e a v i n g i n t a c t the s t a b l e h a l f -
f u l l and c o m p l e t e l y - f u l l 4f s h e l l s r e s p e c t i v e l y . I n a l l the ions the 
outermost e l e c t r o n s are the two 5s and the 6 5p e l e c t r o n s , d i f f e r e n c e s 
being only i n the number of 4f e l e c t r o n s . 
The elements are conveniently grouped i n t o the L i g h t r a r e earths 
(La t o Eu) w i t h zero to seven 4 f electrons and the Heavy r a r e earths 
(Gd to Lu) w i t h seven t o f o u r t e e n 4f e l e c t r o n s . 
The angular momenta, d i s p o s i t i o n and small s p a t i a l extension of 
the 4f e l e c t r o n s are o f i n t e r e s t because they are responsible f o r the 
unique range of magnetic p r o p e r t i e s found i n the r a r e earths. 
1.2.2. I o n i c and atomic magnetic moments 
The magnetic moments of the Rare Earth elements are due t o 
the r e s u l t a n t angular momentum of the 4f e l e c t r o n s . The f i l l i n g of the 
4 f s h e l l i s i n accordance w i t h Hund's r u l e s , i . e . so t h a t the r e s u l t a n t 
spin angular momentum S i s a maximum and t h a t the r e s u l t a n t o r b i t a l 
angular momentum L has the highest value consistent w i t h t h a t value of 
s p i n and w i t h Pauli's ex c l u s i o n p r i n c i p l e . 
When the 4 f s h e l l i s less than h a l f f i l l e d the r e s u l t a n t angular 
momentum i s given by 
J - L - S (1.1) 
Element 
Number of 
4f 
electrons 
Trivalent 
ion 
Saturation moment 
nsat= msat/ mB 
Effective moment 
n e f f = meff/ mB 
o <j calc. ob 3 . calc. obs. 
&/J(J+l) v-v 5+ion metal 
La 0 0 0 0 0 0>) 0 0 (a; (b) 
Ce 1 t 5 2.14 2.54 2.56 2.52 2.51* 
Pr 2 1 5 4 5.20 5.58 5.62 5.6 5.56* 
Nd 5 34" 6 5.27 5.62 3.68 5.5 5.45* 
Pm 4 2 6 4 2.40 5.68 2.85 
Sm 5 2* 5 2* 0.72 0.85 1.55 1.74* * 
Eu 6 5 5 0 0 >5 0 5.40 o « a * 8.5 
(ML 7 0 7.0 7.55 7.94 7.94 7.8 7.98 
Tb 8 5 S 6 9.0 9.54 9.72 9.70 9.74 9.71 
Ey 9 »* 5 7* 10.0 10.55 10.64 10.6 10.5 10.64 
Ho 10 2 6 8 10.0 10.54 10.6 10.6 10.6 11.2 
Er 11 a* 6 71 ' 2 9.0 9 9.58 9.6 9.6 9.9 Tm 12 i 5 6 7.0 7.14 7.56 7.6 7.1 7.6 
Yb 35 i 5 4.0 4.55 4.5 4.4 0 
Lu 14 0 0 0 0 0 0 0 
(a) Daba from Chilcazumi (1964 ) 
(b) Data from Hhyne, page 129 ot.soq. of Elliott (1972) 
* n e f f d a * a f 0 r l i s h' t r a r e e a i"ths i s complex. 
These values should be regarded with caution. 
Table 1.2 The Bare Earth metals: magnetic moment data 
4. 
When the s h e l l i s h a l f f i l l e d or more,then 
J = L + S (1.2) 
Except f o r Samarium and Europium the measured e f f e c t i v e magnetic 
moments of the Rare Earth t r i v a l e n t ions i n s a l t s agree q u i t e w e l l w i t h 
the moments c a l c u l a t e d from the expression 
m e f f S m / J ( J + 1 ? 
where g i s the Lande' s p l i t t i n g f a c t o r , mD i s the Bohr magneton and J i s 
a 
obtained from equations 1.1 or 1,2. Values are given i n Table 1.2. 
3+ 3+ 
Sm and Eu ions give values o£ «iej£ higher than t h a t obtained 
from the t h e o r e t i c a l expression above. This was explained by Van Vleck 
by t a k i n g i n t o account the t r a n s f e r o f -some ions t o the f i r s t e x c i t e d 
s t a t e which has a l a r g e r value o f J and l i e s close t o the ground s t a t e 
f o r these two elements. 
I n the heavy r a r e earths w i t h the exception of Ytterbium, the e f f e c t i v e 
magnetic moments i n the m e t a l l i c s t a t e are close t o those of the ions i n 
s a l t s , the s l i g h t d i f f e r e n c e s being a t t r i b u t a b l e to p o l a r i s a t i o n of the 
conduction e l e c t r o n s i n the metal; t h i s i s taken as confirmation t h a t 
the 4f electrons are l o c a l i s e d even i n the metals. A resume of t h i s 
and other evidence f o r the small s p a t i a l dimensions of the 4f s h e l l i s 
given by de Gennes (1962). Neutron s c a t t e r i n g experiments i n d i c a t e 
t h a t the mean r a d i i o f the 4 f s h e l l s are of the order of 10% of the 
i n t e r a t o m i c distance. 
1.2.3. C r y s t a l s t r u c t u r e s 
I n the r a r e earths and Scandium and Y t t r i u m , close packed 
c r y s t a l s t r u c t u r e s predominate. I n a close packed arrangement the 
atoms may be visualised as spheres packed i n planes, which for ease of 
description may be imagined to be horizontal. The arrangement of spheres 
w i t h i n one plane i s unique but one plane may be stacked on another i n 
either of two alternative positions. The positions of atoms i n the f i r s t 
plane and of other atoms l y i n g v e r t i c a l l y over them may be called "A" 
sit e s . Similarly the alternative positions of atoms i n the second layer 
define the positions of "B" and "C" sites. 
The stacking sequence A B A B A B or A C A C A C gives the hexagonal 
close packed structure, denoted by "hep" i n Table 1.1. Similarly the 
sequences A B A C A B A C , and A B C A B C A B C give the double 
hexagonal close packed and face centred cubic structures, denoted by 
d-hep and fee respectively. 
Samarium has a stacking sequence peculiar to i t s e l f , namely, 
A f i A B C B C A C . 
Except for Europium, which already has a body centred cubic structure, 
and Pm, Er, Tm and Lu for which there is no certain data, a l l the metals 
change to a body centred cubic form at temperatures approaching t h e i r 
melting points. This i s not a close packed form. 
I n addition, Lathanum changes to a face centred cubic form at 
temperatures above 533K and Cerium has a double hexagonal close packed 
structure below 200K and a further change to a face centred cubic form 
below 77K. 
Dysprosium on entering the ferromagnetic phase i s distorted so much 
by magnetostriction that i t s crystal structure can then be described as 
orthorhombic. Evideuce exists (Bucher et a l . 1970) that high p u r i t y 
Ytterbium, as normally prepared, i s a mixture of hep and fee phases and 
6. 
that a change to 100% hep can be produced by cooling to 77K. This 
phase persists on warming up to room temperatures but may be en t i r e l y 
removed by annealing at 150K. 
1.2.4. Ionic dimensions 
Apart from the two normally divalent elements, i t can be 
seen from Table 1.1 that the dimensions of the Rare Earth ions decrease 
wit h increasing atomic number. This i s the well known Lanthanide 
contraction. The me t a l l i c interatomic distances (given roughly by the 
length 'a' for the hep crystals) hardly a l t e r at a l l across the series, 
an indication that the ion core does not play a large part i n the 
binding. This applies a f o r t i o r i to the 4f o r b i t a l s which are much 
nearer to the nuclei. The r a t i o c/a or c/2a i s given i n Table 1.1 for 
the hexagonal structures. This departs from the value 1.633 which i t 
would have for the perfect packing of geometrical spheres and has 
important consequences for the anisotropy energy. 
1.2.5. Alloying properties 
The Rare Earths form among themselves and with other 
elements a vast array of i n t e r m e t a l l i c compounds of d e f i n i t e stoichiometry. 
These exhibit a great v a r i e t y of properties and are the objects of much 
inter e s t and investigation. A review is given by Taylor (1971). 
The heavy Rare Earths with the exception of Ytterbium form 
continuous s o l i d solutions with each other and with various other metals 
such as Thorium, Yttrium and Scandium. 
Yttrium and Scandium have similar outer electron configurations to 
the Rare Earths but are non-magnetic. They also have the hep crystal 
structure and so do t h e i r alloys with hep Rare Earth metals. They form 
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therefore ideal diluants for a l t e r i n g the magnetic and other properties of 
the Rare Earths i n a controlled manner and so gaining an insight into the 
magnetic interactions involved. 
The volume of the Yttrium atom i s very close to that of Gadolinium and 
d i l u t i o n of the heavy Rare Earth metals with Yttrium does not a l t e r the 
l a t t i c e parameters greatly. D i l u t i o n with Scandium, i n contrast, causes 
a reduction of the l a t t i c e parameters. For Tb/Sc alloys, Chatterjee 
and Corner (1971) have shown that there i s a linear relationship between 
the "c" axis l a t t i c e parameter and the atomic percentage of one 
constituent, while there i s a nearly linear relationship for the "a" 
axis l a t t i c e parameter. 
The effects of d i l u t i o n w i t h Yttrium and Scandium on the magnetic 
properties of Rare Earth metals are considered i n Chapter k following the 
introduction of some fundamental magnetic concepts and definitions i n 
Chapters 2 and 3. 
( 
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CHAPTER 2 
SOME BASIC CONCEPTS AND DEFINITIONS 
2.1 Units 
S.I. units are used throughout. The magnetisation or magnetic 
polarisation,which i s the magnetic moment per unit volume, i s symbolised by 
M and i s related to the f l u x density (B) and the magnetic f i e l d strength 
(H) thus: 
B - ji (H + M) (2.1) o 
The units of M are therefore Am ^ . 
This convention, usually a t t r i b u t e d to Sommerfeld (1964, page 89) 
d i f f e r s from that used i n many standard works but i s embodied i n the 
Symbols, Units and Abbreviations report of the Royal Society (1969) and 
i s the one accepted by the International Union of Pure and Applied 
Physics. I t i s also associated with methods of developing the theory of 
magnetism i n which prominence i s given to current loops rather than to 
the concept of magnetic poles. 
The maximum torque on a current loop of area A carrying a current 
I i n a f i e l d of f l u x density B i s B A I . The Sommerfeld convention 
allows the product AI to represent the magnetic moment (m) of the current 
loop so that 
Maximum torque = Bm (2.2) 
The small 'm' i s used to represent magnetic moments. Thus the Bohr 
magneton i s represented as 'nig1. 
For a current loop where m = Al, the relationship (2.2) above holds 
both i n free space and i n isotro p i c homogeneous magnetic f l u i d s , 
provided that the f l u i d i s allowed to penetrate the loop. A permanent 
magnet, provided that i t has a very high coercive force, can be 
represented by a system of currents but i s only equivalent to them i n 
vacuo. The magnetic moment i s then defined by equation (2.2). 
I n a homogeneous isotropic magnetic f l u i d the bar magnet i s 
equivalent to a system of current loops from which the f l u i d has been 
excluded and the maximum torque i s then (Whitworth and Stopes-Roe, 1971) 
given by: 
Maximum torque = |j>oHm (2.3) 
Jouguet (1972) points out that neither (2.2) or (2.3) above can be 
applied d i r e c t l y i n a l l cases. They are id e n t i c a l i n free space and 
become so i n a magnetic f l u i d when account i s taken of the change i n 
magnetic polarisation produced when a bar magnet displaces the f l u i d . 
As a r e s u l t of (2.3) the maximum torque on an atomic spin i s 
Maximum torque = ^HJgnig (2.4) 
where g i s the Lande 'g' factor and J i s the angular momentum quantum 
number. 
The work done per un i t volume i n magnetising a body i s 
M 
W = n o J H dM (2.5) 
0 
M(T) denotes the magnetisation at a temperature T. The reduced magnetisation, 
here denoted by m^,, i s given by m^, = j ^ - j j j , where M(0) i s the magnetisation 
at absolute zero. In describing experimental results, f i e l d strengths 
are given as u, H(=B ) and i n units of Tesla rather than i n Am \ The o o 
quantity B i s called variously 'Applied f l u x density', 'External f l u x 
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density 1, or less rigorously 'Field Strength' (Bates 1970). Comparison 
with other work i s then f a c i l i t a t e d by the easy numerical relationship. 
B /Tesla » B /10 4 Oersted (2.6) o o 
Comparison of specific magnetic moment (a) i s also easy 
2 -1 -1 a/Am kg - a/e.m.u. gm (2.7) 
2.2 Varieties of magnetic behaviour 
For an isotropic material, or for a particular direction i n an 
anisotropic material, the magnetic s u s c e p t i b i l i t y ^ i s defined by the 
relationship 
M = X H (2.8) 
r>~> m ~ 
Since M and H have the same dimensions i n the Sommerfeld convention, X 
' m 
i s a dimensionless quantity as i n the c.g.s. system. Because of 
r a t i o n a l i s a t i o n however, X^ of unit y i n S.I. units i s equivalent to a 
volume s u s c e p t i b i l i t y of l/4n when M and H are measured i n c.g.s. units. 
i s not i n general a constant and i t s value and variations with 
magnetic f i e l d strength and temperature can be used to distinguish 
v a r i e t i e s of magnetic behaviour. 
2.2.1. Diamagnetism 
For diamagnetic substances i s negative, small, (of the 
order of 10""' for solids) nearly independent of applied f i e l d strength 
and usually independent of temperature also. The bulk magnetisation of 
magnetic materials i s due to the o r b i t a l and spin angular momenta of 
electrons. I n solids however the degeneracy of the or b i t a l s which allows 
the motion of electrons from one o r b i t a l to another may be removed by 
N X 
8000 
6000 
£000 
2000 
T 
0 1000 900 800 700 600 0 
Temperature / K 
Figure 2.1 The v a r i a t i o n of l/x^7'1'1* temperature f o r a 
Paramagnetic substance ( Nickel above 631 K ) 
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bonding and the o r b i t a l angular momentum of unpaired electrons may be 
p a r t l y or wholly quenched. Magnetic effects are then due to spins only. 
In diamagnetic substances the electrons are paired so that their resultant 
angular momenta are zero. The effec t of an applied magnetic f i e l d may be 
understood i n classical terms as causing precession of orbits and spins 
about the f i e l d d i r e c t i o n i n such a sense as to produce a magnetic moment 
i n the opposite dire c t i o n to the applied f i e l d . The effect occurs i n a l l 
materials including those described as 'non-magnetic', but i s masked i n 
a l l magnetic materials by the larger magnetic polarisation due to the 
atoms having resultant magnetic moments. 
2.2.2. Paramagnetism 
In paramagnetic substances X m i s positive, of the order of 
_3 
10 , i s independent of applied f i e l d strength and varies with temperature 
according to the Curie law 
X 
m 
(2.9) 
or the Curie-Weiss law 
T-6 m 
(2.9a) 
i n which C and 0 are constants, 9 being known as the paramagnetic or 
asymptotic Curie temperature, see Fig.2.1. Paramagnetic behaviour at 
ordinary temperatures can be accounted for by regarding the elementary 
moments as randomly orientated due to thermal motion. When a magnetic 
f i e l d i s applied, orientations more nearly p a r a l l e l to the f i e l d have 
a lower p o t e n t i a l energy and the f r a c t i o n of the elementary moments 
having those orientations increases i n accordance with the Boltzman law. 
12. 
^ «= exp(-W/kT) (2.10) 
dN 
— i s the number of moments per u n i t s o l i d angle orientated at a given 
angle to the f i e l d and W i s t h e i r potential energy. There i s thus a 
resultant bulk magnetic polarisation M(T) p a r a l l e l to the applied f i e l d 
at a given temperature. 
I f J i s the t o t a l angular momentum quantum number of the atoms, g i s 
the Lande s p l i t t i n g factor and HL, i s the value of the Bohr magneton then 
a 
the maximum component of the atomic moments p a r a l l e l to the f i e l d , known 
also as the saturation moment, i s 
V J 8 m B ( 2 ' U ) 
Jg = n , the number of Bohr magnetons i n the saturation moment, sat 
The lowest value of potential energy of an individual magnetic ion i s 
-Jg mB V.U 
The hypothetical maximum value of magnetic polarisation M(0) w i l l be 
obtained at absolute zero of temperature when the atomic moments are 
undisturbed by thermal vibrations. A l l the moments are then para l l e l to 
the applied f i e l d and 
M(0) = N L J g m B ( 2 , 1 2 ) 
is to*, wwwtau <k ctiu*s \n uuv!r VOVHM and the quantity Jg i s known as the saturation 
moment per ion (units of Bohr magnetons). I t can be shown (Chikazumi 
1965, page 63) that 
M I ) = « < 0 > { ( ^ ) coth ( 2 i ± ! ) . - i coth(£)} (2.13) 
where a = ^ — . The quantity i n curly braces i s the B r i l l o u i n function 
B j (a). 
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As H and hence a tend to i n f i n i t y then 
BjCa) + 1 
I n the classical case where spins may assume any orientation, J as a 
measure of the number of possible orientations i s e f f e c t i v e l y i n f i n i t e so 
that 
B T(a) •+ Coth a - - (2.14) J ' a 
The quantity on the r i g h t hand side of 2.14 i s the Langovin function, 
denoted usually by jt,(a). 
When a « 1 
V > - W > 
N Tg 2J(J + D n y i H 
and M(T) - -± 3 k T 
M V2J(J + 4 , ,91S, 
and X ^ - H 3kT < 2 - 1 5 ) 
Thus for a given material oc ^  which is the Curie law. (The quantity 
g / j ( J + l ) m„ which appears squared i n 2.15 i s called the effective atomic 
a 
moment and g / J ( J + l ) = n e f f *-s *-ts m e a s u r e *-n Bohr magnetons). The 
Curie-Weiss law (equation 2.9a) can be explained i f i t i s further assumed 
that there i s an i n t e r n a l molecular f i e l d due to the p a r t i a l orientation 
of the atomic moments. Each atomic moment is not only under the 
influence of the external applied f i e l d H but of an internal f i e l d 
proportional to the magnetic polarisation. The resultant f i e l d H' i s 
given by 
H' = H + N M(T) (2.16) 
whore N i s the Weiss molecular f i e l d constant. 
10 
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From equation 2.15 above we have 
M(T) (2.17) 
N Lg 2J(J+l)mgH o 
where C1 = r; and i s a constant. 
3k 
Putting H + NM(T) for H 
we have M(T) » ^-(H + N(|M(T)) 
and hence ^ . g . _ J _ ( 2 . 1 8 ) 
i n which C1 and C'N^  may be i d e n t i f i e d with C and 8 respectively i n the 
Curie-Weiss law. (2.9a). 
2.2.3. Ferromagnetism 
Ferromagnetic materials have values of X^ which are positive, 
very large (of the order of 10^ to 10"*) and depend on the f i e l d strength, 
the temperature and the previous magnetic history of the specimen. The 
bulk magnetic polarisation shows an approach to saturation at moderate 
—6 —1 
f i e l d strengths (10 to 10 T) whereas paramagnetic substances show a 
tendency to saturate only at very low temperatures (~ 4K) and high applied 
f i e l d s (5T). 
This behaviour i s explained by the existence within crystals of the 
ferromagnet of regions called Domains, a name due to Weiss, i n each of 
which a l l the atomic moments are p a r a l l e l save for the effects of thermal 
vi b r a t i o n . The value of magnetic polarisation w i t h i n the domains i s 
called the spontaneous magnetisation (M ) and i s usually not much less 
s 
than the saturation magnetisation at OK (M(0)). Domains are separated 
by boundaries or Bioch Walls, regions through which the direction of 
H/Am" 
Figure 2.2. A t y p i c a l magnetisation curve f o r a 
ferromagnetic substance. 
( c ) 
C r y s t a l \ 
a x e s 
\ 
v •—> / \ — 
(d) 
Applied f ie ld 
d i r e c t i o n 
Figure 2.5 The movement of domain boundaries during the 
. magnetisation process. (Schematic) 
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the atomic moments changes gradually. Domains form so as to minimise the 
t o t a l of magnetostatic energy and wall energy and i n the absence of an 
applied f i e l d the resultant moments of the domains are randomly 
dis t r i b u t e d among a set of easy directions i n the cr y s t a l . The 
resultant bulk magnetisation may therefore be small or zero. 
Magnetisation of a specimen proceeds not by orientation of individual 
magnetic moments but by rearrangement of domains. Figure 2.2 shows a 
t y p i c a l magnetisation curve. At (a), the instep of the curve,the applied 
f i e l d moves domain boundaries nearly reversibly. Those domains i n which 
the magnetic polarisation i s more nearly p a r a l l e l to the applied f i e l d 
grow at the expense of the others, (Fig.2.3a,b). At (b) i n Figure 2.2 
the directions of the spontaneous magnetisation with i n each domain change 
i r r e v e r s i b l y t i l l they are a l l p a r a l l e l to the easy direction nearest to 
the d i r e c t i o n of the applied f i e l d . When thi s stage i s completed the 
crystals are e f f e c t i v e l y single domains and further increase of the 
applied f i e l d causes reversible r o t a t i o n of the magnetic moments as a 
whole more nearly in t o alignment with i t s e l f . The bulk magnetisation 
approaches asymptotically the value of M of the spontaneous 
s 
magnetisation. Mg therefore also denotes the saturation value of 
magnetisation. 
I f the applied f i e l d i s removed, i n general the magnetisation of a 
ferromagnetic specimen does not f a l l to zero, i.e. i t exhibits hysteresis. 
Energy i s needed to move the domain boundaries which form again 
spontaneously. However, even i n a specimen which i s magnetised beyond 
the knee of the magnetisation curve and i n which there are no domain 
boundaries, i f the specimen i s rotated i n a magnetic field,thermodynamically 
1.00 
M T /MIOJ 
0.8 
b] 
c) 
0.6 
a 
0.4 
02 
0 
10 8 0 
a 
Figure 2«4- The production of spontaneous magnetisation when 
I f w has a high value. 
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i r r e v e r s i b l e jumps i n the d i r e c t i o n of the magnetisation take place 
(between one easy di r e c t i o n and another) and work must be done to maintain 
the r o t a t i o n . This r o t a t i o n a l hysteresis was observed i n a l l specimens 
used i n t h i s investigation. 
The spontaneous alignment of the atomic moments wi t h i n the domains 
of a ferromagnetic material may be comprehended by an extension of the 
Weiss theory of paramagnetism. 
For a paramagnetic material from equation 2.13 
M(T) = M(0)Bj(a) (2.19) 
Where a = gJmJJ, Ij/kT ]?rom Eq.(2.16) i n the absence of any external 
a O 
f i e l d H = N^M(T). The value of M(T) can be found i n principle by p l o t t i n g 
M(T) = M(0)Bj(a) versus a (2.20) 
and M(T) = T a* „ versus a (2.21) 
& Bpo U) 
I f the value of i s large then the l i n e represented by 2.21 
crosses the curve represented by 2.20 at two points as shown i n the 
Figure 2.4. 
The solution M(T) = 0 i s unstable since any s l i g h t local alignment 
of the atomic moments w i l l increase the molecular f i e l d and the 
alignment w i l l further increase. A stable solution i s the value of M(T) 
at the point P i n Fig.2.4. 
Experimentally, for a ferromagnetic material = a t t* i e 
point P might be 0.85. This corresponds approximately to a value of a. 
of 7, and a value of molecular f i e l d H of the order of 200 or 300T. 
Such a large i n t e r n a l f i e l d cannot arise from the ordinary Lorentz f i e l d 
I 
\ 
1 I 
300 200 0 T 8 n T e m p e r a t u r e / K 
Figure 2,5 The characteristic v a r i a t i o n of X^with temperature 
f o r an antirerromagneb3c substance• 
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of the surrounding magnetic dipoles and Heisenberg suggested that the 
int e r n a l f i e l d causing the alignment of the elementary moments i s a 
quantum mechanical exchange force. The potential energy between two 
atoms having spins S . and S . i s 
~ i ~ j 
U). = - 2 f S . S (2.22) 
where | i s the exchange integral,. I f ^  i s positive, the energy i s 
least when and S ^  are p a r a l l e l . The exchange forces are basically 
e l e c t r o s t a t i c and J i s related to the overlap of the charge 
di s t r i b u t i o n s of the atoms i and j. I f the two spins are p a r a l l e l , the 
spatial part of the wave functions must be antisymmetric under exchange 
of the electrons, and i f the spins are a n t i p a r a l l e l , the spatial part 
of the wave functions must be symmetric. The di f f e r e n t wave functions, 
representing d i f f e r e n t d i s t r i b u t i o n s of charge, have d i f f e r e n t Coulomb 
energies of the correct order of magnitude to account for the alignment. 
When a ferromagnetic material i s heated to the ferromagnetic Curie 
temperature (T f i) the spontaneous alignment of the spins w i t h i n each 
domain disappears and often the material then shows paramagnetic 
behaviour, beginning to obey the Curie Weiss law a few degrees above T . 
2.2.4. Antiferromagnetism 
The characteristic v a r i a t i o n of X with temperature for an 
m 
anti-ferromagnetic material i s shown i n Figure 2.5. X m i s positive, 
-4 ' 
of the order of 7 x 10 and increases with temperature up to the Neel 
temperature, T^, above which i t varies with temperature according to 
\ = t T 0 ( 2 - 2 3 ) 
i.e. the material becomes paramagnetic with a negative paramagnetic 
Curie temperature. 
I 
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These properties may be explained by the existence of an ordered 
spin state below the Neel temperature i n which adjacent spins are a n t i -
p a r a l l e l , the exchange in t e g r a l ^ being negative. Increasing temperature 
weakens the negative interaction so that rises u n t i l the spins become 
disordered at the Neel temperature. The existence of t h i s type of 
ordering was f i r s t shown by Shull i n 1949 using neutron d i f f r a c t i o n 
techniques, since when the technique has become standard for investigating 
magnetic structures. Comparison of X-ray and neutron d i f f r a c t i o n patterns, 
or comparison of neutron patterns above and below the t r a n s i t i o n 
temperatures, shows additional neutron reflections i n the magnetically 
ordered states. I n the case of the antiferromagnet MnO, the magnetic 
un i t c e l l i s found to be twice the size of the crystallographic unit 
c e l l since alternate (111) planes of Mn ions have their magnetic moments 
i n opposite directions. 
2.2.5. Ferrimagnetism 
An antiferromagnetic arrangement of spins may be regarded 
as two interleaved arrays of spins each of which alone i s ferromagnetic. 
Because the spins i n each array are of equal magnetic moment, the 
resultant s u s c e p t i b i l i t y tends to zero with f a l l i n g temperature. I f the 
spins i n the two sublattices are not equal or opposite there i s a 
resultant spontaneous magnetisation which w i l l be smaller than i n a 
t y p i c a l ferromagnet. Domain structures may exist and the specimen may 
give magnetisation curves similar i n a l l respects to those of a fer r o -
magnet. Such ferrimagnetic substances resume paramagnetic behaviour when 
heated above a characteristic Curie temperature. 
i — J -c ' 8 • 
J 0 
Q 8 
Figure 2.6 Exchange interactions i n h e l i c a l anbiferronagnetism. 
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2.2.6. Helical Antiferromagnets 
Yafet and K i t t e l (1952) proposed a triangular arrangement 
of spins to explain an anomalously small value of spontaneous 
magnetisation i n certain f e r r i t e s . Yoshimori (1959) proposed a h e l i c a l 
arrangement of spins for MnC^ and J. V i l l a i n (1959) a similar arrangement 
for antiferromagnetic MnAu^. Herpin et a l (1959) investigated the 
magnetic structure of tetragonal MnAu^ by neutron d i f f r a c t i o n , observing 
the production of two s a t e l l i t e s to each Bragg r e f l e c t i o n when the 
material was i n the antiferromagnetic state. The spacing and int e n s i t i e s 
of these s a t e l l i t e s were consistent with a structure i n which a l l the atoms 
of manganese i n the same plane have their moments p a r a l l e l to each other 
and normal to the 1c' axis; the common directions of the spins i n 
consecutive planes being advanced by a fixed angle. The vectors 
representing a series of spins l y i n g i n a row p a r a l l e l to the • c' axis 
then form a h e l i x ; the 'c* axis of the crystal i s the axis of the h e l i x 
or the screw axis, and the angle between the spins i n one plane and the 
next i s known as the in t e r l a y e r turn angle. 
From the v a r i a t i o n i n the spacing of one s a t e l l i t e (002 ) from the 
main r e f l e c t i o n Herpin et al calculated that the inter]ayer turn angle 
varied between 46° at 125K to 51° at 300K. 
To show i n p r i n c i p l e how t h i s simple h e l i c a l arrangement can arise, 
consider a single row of spins as shown i n Fig.26. I f ^ ^ i s the 
exchange in t e g r a l between adjacent spins i n the row and ^ ^  that between 
next nearest neighbours then the arrangement i s stable when the energy 
u = -2(ty„S . S , +y_S . S ,_) i s a minimum (taking the interactions 0 l ~ p ^ p + l 0 Z~p ~p+Z 
only as far as next nearest neighbours). I n terms of the interlayer turn 
angle 9 t h i s means that the quantity 4?Cos6 + ¥ Cos28 must be a minimum. 
1 
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Figure 2.7 A magnetisation curve for a t y p i c a l h e l i c a l a n t i -
ferromagnetjc material. H J _ to the screw a x i s . 
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This occurs when < 
Cos9 - - jr- (2.24) 
I f | ^ i s negative and j L i s positive^then neighbours i n a layer w i l l 
couple ferromagnetically and the h e l i c a l arrangement described w i l l 
r e s u l t . I n any real crystal the exchange energies |?^, jj-^ must be 
replaced by ef f e c t i v e exchange interactions appropriate to the crystal 
symmetry and which are functions of the exchange integrals for pairs of 
spins on various s i t e s . Equation 2.24 then holds for the interlayer 
turn angle. This simple treatment ignores magnetostriction and magneto-
c r y s t a l l i n e anisotropy energy. Their influence i s considered i n 
Chapter 4. Helical and other forms of period magnetic structure occur 
i n the rare earths and t h e i r alloys (Child et al 1966, 1968; Koehler 
1961, 1965; Spedding et a l 1970) and are further described i n Chapter 4. 
Koehler (1961, 1965) l i s t s the patterns obtained from the various 
structures and outlines the techniques used i n the study of magnetic 
structures by neutron d i f f r a c t i o n . 
2.2.7. Metamagnetism 
This i s the name given o r i g i n a l l y by Becquerel and van den 
Handel (1939) to the behaviour of those magnetic materials which can be 
changed from antiferromagnetic (including h e l i c a l forms) to ferromagneti 
by means of an applied f i e l d or a change of temperature. The change 
from antiferromagnetism to ferromagnetic behaviour i s called the meta-
magnetic t r a n s i t i o n and the value of applied f i e l d where i t occurs i s 
called the C r i t i c a l F i eld (H ). Figure 4.3 shows the vari a t i o n of H 
c c 
w i t h temperature for Dysprosium. Figure 2.7 shows the variation of the 
magnetisation with applied f i e l d for a typical metamagnetic t r a n s i t i o n 
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Figure 2.8 Perspective view of a sinusoidal spin arrangement. 
i n a h e l i c a l antiferromagnet and the inset diagrams represent 
schematically the behaviour of one row of spins according to the theory 
of Enz (1960), Nagamiya et al (1962) and Kitano and Nagamiya (1964). 
The spins are viewed along the screw axis, which i s perpendicular to the 
dire c t i o n of magnetisation. At low values of applied f i e l d the helix 
d i s t o r t s and a small magnetisation i s produced i n the direction of the 
f i e l d . At the c r i t i c a l f i e l d the h e l i x changes into a sinusoidal 
arrangement of moments, (Fig. 2.7c,d), i n which a l l the individual 
spins have a component p a r a l l e l to the f i e l d (Fig.2.8). At a higher 
f i e l d , H _ approximately 2H , t h i s fan structure collapses to a normal 
J- c 
ferromagnetic arrangement, the t r a n s i t i o n being f i r s t or second order 
depending on the anisotropy and magnetostriction energies which are 
discussed l a t e r . Another effec t of these energies i s to lower both H^ , 
and H , increasing anisotropy lowering H,. more than H so that they 
coincide and the fan phase i s eliminated. Theoretical studies of these 
processes are discussed by Cooper (1972). 
The materials used i n t h i s investigation, Dysprosium, Terbium and 
the Terbium r i c h Terbium/Scandium alloys are a l l h e l i c a l a n t i f e r r o -
magnetic i n some temperature range, having the screw axis p a r a l l e l to 
the 'c' crystallographic axis, and they show metamagnetic transitions 
under suitable applied f i e l d s . Measurements were made with the applied 
f i e l d s perpendicular to the 'c' axis and of magnitude H c and above, so 
that the collapse of the h e l i c a l structure shown i n Fig.2.7 was a 
si g n i f i c a n t feature of the work. 
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2.3 Demagnetising Fields 
The resultant f i e l d ( l O inside a magnetised body i s the applied 
f i e l d B q reduced by a quantity |j, N^ M, the demagnetising f i e l d which i s 
proportional to M and opposite i n direction. i s s t r i c t l y defined 
only for e l l i p s o i d s uniformly magnetised p a r a l l e l to an axis. Values 
are given by B r a i l s f o r d (1966) for ellipsoids with axes i n various 
r a t i o s . 
Standard texts explain the demagnetising f i e l d i n terms of free 
magnetic poles at the surface of che body. Coleman (1971) has shown 
that an explanation i n terms of a current loop model does not present 
any very great d i f f i c u l t y , so that a consistent development of the 
subject i s possible w i t h i n the Sommerfeld convention and making no use 
of the concept of free poles. 
2.3.1. The use of demagnetisation factors i n determining the 
magnetisation of specimens 
Graphs of specific magnetisation for materials are commonly 
available plotted against the resultant f i e l d B^  rather than against the 
applied f i e l d B q. Given a demagnetisation factor for a specimen, the 
problem of determining the magnetisation i n a given applied f i e l d i s 
"that of solving simultaneously two equations 
a - fn(B ) (2.25) r 
-and 
B
r " Bo " ^ o ^ D ( 2 ' 2 6 ) 
where p i s the density of the material. 
These may be solved graphically by p l o t t i n g graphs of each to the 
same scale and noting the point of intersection. The graph of Eq.2.25 
i s simply the magnetisation curve which i s already available. 
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Figure 2.9 The determination of the magnetisation of a 
specimen of given demagnetisation f a c t o r . 
A i s the magnetisation curve for the material. 
B i s a l i n e of slope - l / j j ^ J ^ on a transparent overlay 
C i s the end of the l i n e 3 which i s placed on B 0 , 
the givea value of applied f i e l d . 
D indicates the required magnetisation and 
E i s the resul t a n t f i e l d * 
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Rearranging (2.26) we have 
B - B o r 
Pl o t t i n g 0" against B gives a straight l i n e , the slope of which i s — — 
r 6 e v p,oNDp 
and the intercept on the B axis i s the value B q. I t i s convenient i n 
practice to draw the graph of the second equation on a piece of 
transparent graph paper. Sliding t h i s graph over the magnetisation 
curve allows determination of magnetisation (and also of B^) for any 
given value of B q. The process i s i l l u s t r a t e d i n Figure 2.9. 
CHAPTER 3 
MAGNETOCRYSTALLINE ANISOTROPY 
3.1 Anisotropy Energy 
The work done on a body per u n i t volume to raise the magnetisation 
from zero to i t s saturation value i s given by 
Some of t h i s energy i s l o s t i n i r r e v e r s i b l e magnetisation processes and 
part i s stored as a potential energy of magnetisation (E), the value of 
which may depend on the dire c t i o n i n which the material i s magnetised. 
This v a r i a t i o n of magnetisation energy with direction may be produced 
by applying mechanical stress to a material, i t may be due Lo the shape 
of the specimen or i t may be produced in polycrystalline materials by 
cold working or by heat treatment i n a magnetic f i e l d . When these 
three types of anisotropy, known respectively as magnetostrictive, 
shape and induced magnetic anisotropy, are eliminated by suitable 
shaping and mounting of a single crystal specimen the magnetisation 
energy may s t i l l depend on the direction of the magnetisation with 
respect to the crystallographic axes. 
This anisotropy, due solely to crystal symmetry i s known as 
Magnetocrystalline Anisotropy. I n t h i s case, the difference between 
the energy of magnetisation i n an arbitrary direction and i t s value 
along a selected crystal axis i s known as the Magnetocrystalline 
Anisotropy Energy (E ). E i s a free energy and increases when work 
Si SL 
i s done on the system. Directions with i n a crystal i n which E& i s a 
maximum or minimum are called hard and easy directions of magnetisation 
M 
W - s J 
o 
H.dM (3.1) 
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respectively. The dire c t i o n of the spontaneous magnetisation w i t h i n a 
ferromagnetic domain i s along an easy axis i f no magnetic f i e l d i s applied. 
Although easy directions and hard directions usually do coincide with a 
crystallographic axis, they need not necessarily do so, e.g. i n Gadolinium 
below about 240K the easy di r e c t i o n i s specified by the surface of a cone 
of varying half angle, (Corner et a l 1962). 
3.2 Expressions for the Magnetocrystalltne Anisotropy Energy 
The v a r i a t i o n of the anisotropy energy E can be expressed as a 
series involving constants and functions of the angles between M and the 
s 
crystallographic axes. Symmetry considerations can be used to simplify 
the expressions. Thus the v a r i a t i o n for a cubic crystal can be 
represented adequately by 
/ 2 2 2 2 2 2 2 2 2 
E».fooo)» K ] / a i a2 + a2 a 3 + a3 ^1 ^ + K2°l a2 a3 + '"' ^3'2^ 
(Brailsford 1966,p.121) 
I n p r i n c i p l e terms of higher order could be added but i n practice they 
are usually unnecessary. and K are functions of temperature only 
and a., a 0, a, are the d i r e c t i o n cosines of M with respect to the crystal 
axes. 
The energy of a hexagonal cr y s t a l i s best expressed i n polar 
cd-ordinates. The expression o r i g i n a l l y derived by Mason (1954) i s 
k,tT j e 0) B K xSin 2e + K 2Sin 46 + K 3Sin 6e + I^SinScos 6?! (3.3) 
where 9 and 0 are the angles between Mg and the < 0003 > or 'c' axis and 
the < 1120 > or 'a' axis respectively. K^ , etc. are constants at any 
one temperature. I n t h i s expression and K, are generally small 
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compared wi t h and K2; the term represents a modulation of the 
uniaxial anisotropy with the symmetry of the basal plane. I t can be 
shown (Zijlstra,1967 , p. 170) that i f K i s positive the easy axis i s 
the 'c' axis and i f < -2 K 2 the easy axis i s perpendicular to the 
'c' axis. I f -2K2 < 1^ < 0 the easy axis l i e s on a cone of half angle 
¥ given by . , 
SinY = / - (3.4) 
Where the easy axis l i e s i n the basal plane and i s p a r a l l e l to the 
< 1010 > or 'b' axis, the energy minimum occurs where 0 = 90° and 9 = 90° 
i . e . where the sin68sin60 term i s a minimum. i s therefore positive as 
i n Terbium. Where the easy axis p a r a l l e l to the < 1120 > or 'a' axis, 
i s negative as i n Dysprosium. 
I t i s important to note that the energy E i s defined for magnetisation 
Si 
at constant stress. Due to magnetostriction part of the free energy i s 
stored as e l a s t i c s t r a i n i n the c r y s t a l . Methods of supporting crystals 
during measurements of anisotropy energy must therefore allow the 
development of these strains and yet not introduce any stresses. I t i s 
also important to note that E i s defined for saturation magnetisation of 
c l 
the c r y s t a l . Measurements at f i n i t e values of applied f i e l d give values 
of the anisotropy constants etc. which vary with the f i e l d value and 
i i 
are distinguished by primes thus: , etc. Methods of obtaining 
i n f i n i t e f i e l d or saturation values of the constants are discussed i n 
Section 9.2.4. 
Zener (1954) showed that the temperature dependence of the anisotropy 
energy i n his theory could be stated more simply i f the anisotropy energy 
is expressed as a series of surface harmonics of appropriate symmetry thus: 
27. 
E - YES (a.cy0a„) (3.5) a L. n n 1 2 3 
where i s a surface harmonic of Aoxyoe, n. (This form also has the 
advantage of allowing direct comparison with crystal f i e l d terms i n a 
one-ion theory of anisotropy.) This practice i s followed widely with a 
variety of symbols for the coef f i c i e n t s . For example Feron (1969) has 
for hexagonal symmetry 
E = V°P„(Cos0) + V.°P.(Cos6) + V,°P,(Cose) + V,6Sin69Cos60 (3.6) a Z / 4 4 b o o 
Where P^(CosQ) i s the Legendre polynomial of d«yu«. 1. Similarly Rhyne 
(1972) has 
Ea = K 2 Y 2 ° ( e ' 0 ) + ^ 4 Y 4 ° ( 6 , 0 ) + ^ 6 Y 6 ° ( e > 0 ) + ^ 6 6 s i n 6QCos60 (3.7) 
where the Y^O.tf) are spherical harmonics, which being normalised to 
unit y for 6 = 0 = 0 , reduce to the Legendre polynomials. 
The E , the V,m and the rC <• are linear combinations of the constants n 1 •«• 
i n equation (3.3). K i £ and are to be i d e n t i f i e d with Mason's K^ . 
The use of the older phenomenological equations continues (e.g. 
Miyahara 1971, Novae 1971) and following Callen and Callen (1966), to 
avoid confusion the symbol K> w i l l be used when expansion of E i n 
£1 
spherical harmonics i s implied. The coefficient of the term representing 
the hexagonal anisotropy of the basal plane w i l l be most frequently given 
as K^ . 
3.3 Origins of Magnetocrystalline Anisotropy 
The greater part of the magnetisation energy arises from the 
Heisenberg exchange interaction which produces the molecular f i e l d and 
i s of the form (Eq. 2.22) 
28. 
VSi - -2& S 3 ,SS ' i j 
This quantity i s an invariant under a rot a t i o n of the co-ordinates and 
i t therefore gives a free energy which is independent of the direction of 
magnetisation and cannot account for the anisotropy. Models to account 
for the anisotropy are of two main kinds: the f i r s t , the "two-ion" model, 
traces the anisotropy to a dependence of the exchange energy between 
pairs of magnetic ions on their orientation r e l a t i v e to the l i n e j o i n i n g 
them. Two-ion mechanisms include both anisotropic exchange and true 
dipole-dipole i n t e r a c t i o n . The second model, the "single-ion" model, 
traces the anisotropy to the interaction between individual magnetic ions 
and the anisotropic f i e l d produced by the other ions and conduction 
electrons. The models are not mutually exclusive. For example, both 
one-ion and Lwo-ion mechanisms have been combined to account for the 
temperature dependence of the magnetostriction coefficient X.' i n 
Gadolinium (Callen and Callen, 1965). 
3.3.1. The Two-Ion Model 
The pair or two-ion model is due largely to Van Vleck (1937 
and 1956). The classical electromagnetic coupling between two spins gives 
a potential energy 
u g2m A 3(S . .r .,)(S ,.r . . ) * 
4nr 3. W ~ J r 2 . 1 
where g i s the Lande s p l i t t i n g factor for the spins, g ~ 2 i n most cases 
because of the quenching of o r b i t a l angular momentum i n the crystal 
l a t t i c e . 
r. . i s the distance between the Spins S . and S . ~ i j ~ i ~ j 
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This expression, which represents the true dipole-dipole interaction, i s 
of the correct form but gives values which are too low to account for 
observed values of anisotropy energy. An expression of the following form 
was sought 
. 3(S..r..)(S,.r K 
c n ( r n > ( s i - s i " 2 ~ 3 3 ) ( 3 ' 9 ) 
i j 
where C. . i s a function of r. . much larger than the classical constant and i j ~ i j 
dying away more rapidly with increasing r ^ ^ . 
By superposing the spin-orbit coupling on the exchange energy i n a 
second order perturbation calculation an interaction of the form given i n 
(3.9) was obtained with of the order of magnitude of (g-2)^., where 
i s the exchange i n t e g r a l . 
Q u a l i t a t i v e l y the o r i g i n of the interaction i s the effect of magnetic 
spin-orbit coupling between any unquenched o r b i t a l angular momentum and 
the spins responsible for the magnetic moment. Part of the o r b i t a l 
rotates with the spins and the overlap and hence the electrostatic energy 
of neighbouring o r b i t a l s i s thereby altered. The dependence of the 
anisotropy on the existence of unquenched o r b i t a l angular momentum i s 
clearly indicated i n the factor (g-2) since complete quenching of the 
o r b i t a l angular momentum leaves only the i n t r i n s i c angular momenta of 
the electrons for which g = 2. 
The coupling represented by the expression 3.9 above i s known as the 
pseudo-dipolar i n t e r a c t i o n or anisotropic exchange. 
Where the fourth order effe c t of the spin-orbit interaction i s 
included i n the perturbation calculation a potential energy of the 
following type i s obtained, 
30. 
D..(S..r.,) 2(S..r..) 2 (3.10) 
l j ~0L ~ l j ~ j ~ l j 
where D_ » j ? ( g - 2 ) \ 
D f a l l s o f f very rapidly with increase of r and by considering only 
the coupling between nearest neighbours i t i s possible to obtain energies 
i 
large enough to account for t y p i c a l measured anisotropy energies. D ^  
is of the same order of magnitude as for cubic crystals. This 
in t e r a c t i o n i s called "pseudo-qua^drupolar". 
The pseudo-dipolar i n t e r a c t i o n averages to zero i n b.c.c. l a t t i c e s 
2 
since i t i s proportional to (l-3cos 6^) and the average value of 
2 
Cos 0 ' i s 1/3 i n t h i s case for p a r a l l e l spins. The pseudo-quadrupolar 
in t e r a c t i o n can only occur i f the spins are 1 or greater. Van Vleck 
found that i f a second order calculation i s made of the effect of the 
pseudo-dipolar energy on the isotropic exchange an anisotropy energy i s 
obtained of the same order of magnitude as for the pseudo-quadrupolar i.e. 
( g - 1 ) 4 
Exact calculations are not easy on t h i s model. For example, i n uniaxial 
crystals the f i r s t order pseudo-dipolar interaction does not average to 
zero and gives calculated values of anisotropy energy much higher than 
those measured. Only q u a l i t a t i v e explanations are possible, thus one may 
regard the uniaxial crystals as s l i g h t l y distorted cubic crystals where 
the int e r a c t i o n i s zero. 
3.3.2. The One-Ion Model 
3+ 2+ 
For ions such as Fe and Mn i n non-metallic ferromagnetic 
crystals the degeneracy of the 3d or b i t a l s i s completely removed, the 
o r b i t a l angular momentum i s nearly completely quenched and the Lande g 
factor i s very close to 2. Thus the anisotropic exchange, which i s 
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proportional to (g-2) , cannot account for the magnetocrystalline 
anisotropy. I n t h i s case the spins are not coupled to the o r b i t a l s and 
may be viewed as free. They are si t e d i n an e l e c t r i c f i e l d , (the crystal 
f i e l d ) due to the other ions, which possesses the symmetry of the crystal 
l a t t i c e . Wolf (1957) showed how, on this view, the anisotropy energy could 
be calculated i n terms of parameters entering the spin Hamiltonian for a 
single ion. The form of the Hamiltonian depends on the symmetry of the 
surroundings as well as the magnitude of the spin. For spins i n a l a t t i c e 
of cubic symmetry with axial d i s t o r t i o n 
K = gu m_H .S + -a(S +S +S ) + D S + fS 6 p o B ~ ~ 6 x y z a a (3.11) 
constant terms having been dropped. S^, S^ , and are the components 
of S (the t o t a l spin of the ion) p a r a l l e l to the x, y, z axes and a the 
dir e c t i o n of the axial d i s t o r t i o n . Of the three parameters, a, D and f P 
represents the amount of ax i a l d i s t o r t i o n . H i s the molecular field'used 
to represent the exchange energy, and here assumed to be isotropic. The 
expressions obtained for the free energy involve H and hence the r e l a t i v e 
magnetisations of the sublattices on which the ions are placed. This 
makes i t possible to predict the temperature dependence of the anisotropy 
from the temperature dependence of the magnetisation. 
The single-ion model can also be expected to apply to the Rare Earth 
elements i n the metallic state since the unpaired electrons responsible 
for the magnetic moments of the ions belong to the 4f s h e l l . The mean 
radius of the 4f shell being small compared with the i n t e r i o n i c distance, 
the magnetic ions may be regarded as isolated. Spin-orbit coupling i s 
strong and the c r y s t a l l i n e f i e l d tends to align the non-spherical 4f 
charge cloud as a u n i t r e l a t i v e to the crystal axes. For the hexagonal 
case, the potential energy of a single 4f electron can be expressed 
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i n spherical harmonics ( E l l i o t t , 1961 and 1972, p.156), 
V - A 2°r 2Y 2 O(6,0) + A4°r4Y4°(e,0) + 6,0) + A 6 6 r 6 [ Y 6 6 ( e , 0 ) -
* 6" 6(9,0)] (3.12) 
where r, 9 and 0 are the spherical co-ordinates of the electron, the A^™ 
are crystal f i e l d potentials calculated from the di s t r i b u t i o n s of positive 
ions and the screening effect of the electrons i n the 5s and 5p o r b i t a l s . 
I n terms of the t o t a l angular momentum quantum number J of the ions this 
may be w r i t t e n , ( E l l i o t t and Stevens, 1953) 
V = A 2° < r 2 > aY2°(J) + A 4° < r 4 > PY^U) + Afi° < r 6 > YY6°(J) + 
A 6 6 < r 6 > Y[Y 6 6(J) + Y 6 " 6 ( J ) ] ' (3.13) 
where the factors < r * > c^Y^°(j) represent the dipole, quadrupole etc. 
moments of the 4f charge cloud. 
3.4 Magnetostriction and i t s Contribution to Magnetocrystalline Anisotropy 
Ignoring shape effects, the free energy of a crystal may be w r i t t e n 
as 
F = F + F + F + F 
exchange crystal f i e l d spin-orbit coupling elas t i c 
(3.13 A) 
As the magnetisation vector i n an unstressed crystal changes direction, 
changes i n F t , c. and F . ... occur. These energies B crystal f i e l d spm-orbit coupling 
depend on i n t e r i o n i c distances and changes i n these are therefore 
accompanied by distortions of the crystal l a t t i c e . Changes i n ^ e- L a s t^ c 
occur to keep the t o t a l free energy a minimum, the changes i n dimensions 
of the cr y s t a l being known as magnetostriction. 
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The single-ion theory, as described above, pictures an ion orientated 
w i t h i n an anisotropic but constant electrostatic f i e l d produced by the 
other ions i n an unstrained l a t t i c e . Anisotropy measurements are however 
carried out under conditions of constant stress so that magnetostrictive 
strains are allowed to develop and modulate the crystal f i e l d . We can 
therefore regard measured values of anisotropy co e f f i c i e n t as containing 
two parts (Brooks, 1972). 
where K, i s the measured value, o^l™ *"S t* i e a n * s o t r o P y coefficient 
due to the unstrained crystal aad A^j™ i s the contribution from the 
magnetostriction. I t i s the QK^ m which scale with the factors 
TO ^ 
< r > ot^ of equation 3.13. 
In the hep crystals used i n t h i s investigation the magnetic' moments 
are confined to the basal plane, i . e . k! 2° *-s ^ a rS e a n& negative. From 
symmetry considerations, the el a s t i c (F g) and magnetoe'lastic ( F m e ) free 
energies can be w r i t t e n (Cooper, 1968 I I ) 
F e = % c Y [ ( e 1 Y ) 2 + ( e 2 Y ) 2 ] (3.15) 
Fme = e l Y f 2 C l ( a l 2 " " 2 2 ) " °2 + 8C2«lVl + h^Wlala2 + 
4C 2<y 1a 2(a 1 2 - a 2 2 ) ] (3.16) 
where and a r e t n e d i r e c t i o n cosines of the magnetisation with respect 
to the "a" and "b" axes respectively. and are constants giving the 
magnitude of the f i r s t and second order magnetoelastic energies. 
e l Y = % ( e a a " ebb ) 
Y _ 
e2 - eab 
axa. VW. vrr*A*itAbW. straWvs appropriate \a ffymmtaj 
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i s the e l a s t i c s t i f f n e s s constant related to the Cartesian stiffness 
constants c ^ , by 
CV = 2 ( c u - c w ) 
The energy due to magnetostriction i s the sum of F and F 
e me 
F = F + F (3.17) ms e me 
D i f f e r e n t i a t i n g the energy wi t h respect to 1 and e 2 i - n turn and setting 
the result equal to zero gives the minimum energy when 
V = - - v [ 2 C l ( a l 2 - « 2 2 ) + 8 C2»lV - C 2 ] ( 3' 1 8 ) c 1 
and e 2 Y = - ~ [ ^ c ^ c ^ + 4 c 2 a i a 2 ( a l 2 " a 2 2 ) ] (3.19) 
c"^  
Mason (1954) gives the following expression for the magnetostriction i n 
a hexagonal cr y s t a l 
X - y - A[2a 1a 2P 1 + ( a L 2 - a 2 2 ) P 2 ] 2 
+ Bcv 3 2[(a 1P 1 +Qf 2P 2) 2 - (a^z - cv2P1)2D 
+ C[(a 1P 1 + a 2 P 2 ) 2 - (aL*2 - c ^ ) 2 ] 
+ D(l - a 3 2 ) ( l - p 3 2) 
+ etc. (3.20) 
The A, B, C etc. are constants, P^ , P2, are the direction cosines made 
by the dir e c t i o n i n which r^- i s measured with the 3 crystal axes and 
al' & 2 ' ^3 a r e t* i e d i r e c t i o n cosines of the magnetisation with respect to 
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the crystal axes a, b, c respectively. When the magnetisation i s confined 
to the basal plane, 01^ - 0, and when ^  i s measured p a r a l l e l to the "b" 
axis, = ?3 = 0^  and = 1 hence, 
- [ ^ ] b = ki0ll " 011)2 + 0(a22 " a l 2 ) + D ( 3 , 2 1 ) 
When ~ i s measured p a r a l l e l to the "a" axis f j ^ - 1 and $ 2 = P3 = 0 and 
[ ~ ] a = A(2a l Cv 2) 2 + C f o ^ - <x 2 2) + D (3.22) 
\ Y' 2 i s defined as the change i n ^ j ^ J when the magnetisation rotates from 
being p a r a l l e l to the "a" axis to the "b" axis. I n the f i r s t case - 1 
and © 2 = 0 and i n the second, 0/^=0 and c*2 = 1 therefore 
90 
xv,2 r ^ T o r ^ l = 2 C ( 3 . 2 3 ) 
L 1 Ja L 1 Ja 
Since = £ aa 
bb 
v 
we have, from 3.21, 5.22 and the d e f i n i t i o n of £,0 on page 55 
6 l
Y - %{AC(2cvlCv2)2 - ( c ^ 2 - a / ) 2 ] + 2 C [ a i 2 - a / ] ] 
2 2 
and since = ^ ~ a2 
6 l
Y =%{A(8cy 1 2a 2 2 - 1) + 2C<« 1 2 - a / ) } 
Comparing terms with equation 3.18 we have, with equation 3.23 
36. 
Y 
and C2 = - ~ " (3.24b) 
Substituting the values of the minimum strains and 62"^  i n 
equations 3.15, 3.16 and 3.17 for the magnetostriction energy, the 
expressions simplify to 
fms " " [ - ^ ~ ] ( a l 2 + W 2 2 ) 2 + 4^ A C° S 6 0 (3'25) 
where 0 = Cos ^0/^ 
2 2 
The f i r s t term has cy l i n d r i c a l symmetry since - 1 - a n <^ 
therefore i t does not contribute to anisotropy i n the basal plane. The 
second term has hexagonal symmetry and wr i t i n g 1 = m - 6 i n equation 3.14 
i t i s possible to make the i d e n t i t y 
*K 6 6=4^ <3.26) 
A being the contribution to the planar anisotropy from magneto-
s t r i c t i o n . The magnitude of t h i s contribution can be calculated. Values 
of being obtained from the longitudinal and shear elastic wave 
ve l o c i t i e s and the constants A and C and hence \^ being obtained from the 
va r i a t i o n of basal plane magnetostriction as follows: 
In equation 3.22 we l e t ot^ = cos0 and = sin0. Taking as a 
reference the position where Mg i s p a r a l l e l to the "a" axis and ct^ - 1 
and « 2 = 0, 
H£L-[^4<W>*«slV>-ii 
- A Sin 220 + C{(l-2Sin 20) - 1} 
- A Sin 220 - 2CSin20 (3.27) 
Figure 5.1 To i l l u s t r a t e the cause of the temperature v a r i a t i o n of 
anisobropy energy (adapted from Callen and Callen 1960 ) 
37. 
Measurements of — at various values of 0 suffice to give A, C and \ y. 
3.5 Variation of Anisotropy with Temperature 
3.5.1. Qualitative Discussion 
The measured anisotropy coefficients are found to f a l l 
r a p i dly with increase of temperature. This cannot be attributed to a 
weakening of the microscopic mechanism causing the anisotropy since for 
example i n Nickel the spin-orbit coupling as indicated by the value of 
the Lande 'g' factor remains v i r t u a l l y constant with changes of 
temperature. Satisfactory explanations of the temperature v a r i a t i o n of 
anisotropy are a l l based on the following general idea, i l l u s t r a t e d in 
Figure 3.1. 
The s o l i d l i n e represents the energy density of a single elementary 
moment for various orientations i n the (010) plane of a cubic crystal. 
This curve i s independent of the temperature. At absolute zero of 
temperature a l l the elementary moments or spins would be p a r a l l e l to each 
other and would have the same energy density. The average energy density 
of N spins would then be equal to that for a single spin and the mean 
energy density curve would have the same form as the sol i d l i n e . At a 
f i n i t e temperature however, when the macroscopic magnetisation i s p a r a l l e l 
to a hard axis OB, many spins have less than the maximum value of potential 
energy because thermal vibrations cause them to be distributed i n a cone 
around OB as a mean dir e c t i o n . The mean energy density i s then less than 
the energy density for a single spin aligned along OB. Similarly when 
the macroscopic magnetisation i s p a r a l l e l to an easy direction OA, those 
spins which are not p a r a l l e l to OA have more than the potential energy 
appropriate to that axis so that the mean energy density i s higher than 
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i t would be at absolute zero. The overall r e s u l t i s shown i n the dotted 
curve which i s clearly less anisotropic than the s o l i d l i n e . 
The elementary moment may be the magnetic moment of a single ion or 
a coupled pair or a small region containing several magnetic ions, so 
that the general idea may be applied to one-ion, two-ion and cluster 
models. 
, From Figure 3.1 i t may be inferred q u a l i t a t i v e l y that the dotted 
curve w i l l become cir c u l a r and the anisotropy w i l l f a l l to zero when the 
mean deviation of the spins from the magnetisation direction i s about 22 
degrees although the resultant magnetisation may s t i l l be quite large. 
This i s i n accordance with experience that the anisotropy f a l l s to zero 
much more rapidly than the magnetisation. I n the hexagonal case, the 
diminution of the s i x - f o l d component of the anisotropy would occur even 
more rapidly. The problem of calculating the temperature v a r i a t i o n of 
the anisotropy energy consists of averaging the anisotropy energy of the 
spins at various temperatures. Since the macroscopic magnetisation also 
depends on the d i s t r i b u t i o n of the spins about the average direction i t 
i s convenient to express the anisotropy energy i n terms of the reduced 
magnetisation 
M s(T) a T 
= MIOT o r 
s 0 
where M (T) i s the saturation magnetisation at temperature T and M (0) i s s s 
the value at absolute zero. A hi s t o r y of the methods of performing the 
averaging and the variety of results obtained are given by Callen and 
Callen (1966) and a f u l l explanation of the mathematical background i s 
given by Birss (1964, page 162 et. seq.). A b r i e f account of the 
relationships which have been established i s now given. 
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3.5.2. Temperature Variation of Anisotropy of Single Ion Origin 
At absolute zero of temperature, N spins i n a domain or 
a saturated crystal might be supposed to be p a r a l l e l , and the anisotropic 
part of the macroscopic free energy would be N times the anisotropy 
energy of one spin. The anisotropy coefficients would take the value 
of j ( 0 ) . I t i s permissible therefore to express the energy density of 
a single spin i n terms of these coefficients. Following Callen and 
Callen, 
e(S) A = ^ K ^ O ) J i ( S ) < 3 ' 2 8 ) 
1 
where ^  ^(S) i s a normalised polynomial of the 1th degree i n either the 
spin operators or a unit vector along the spin axis. ^ ^(S) has a 
symmetry imposed by the crystal l a t t i c e and i s conveniently written as a 
linear series of spherical harmonics. 
i i ( s ) = i a r Yr°° (3-29) 
m 
where the constants a^ m are fixed by the crystal symmetry. 
The anisotropy energy per unit volume of a system of spins i s 
E A = l K 1 ( 0 ) I a 1 m < Y 1 m ( S ) > (3.30) 
1 m 
where < Y^ m(S) > i s an average value computed assuming the magnetisation 
i t s e l f to be isotropic. 
By changing the polar axis to the direction of the resultant 
magnetisation, Callen and Callen obtain 
E A = ^ K ^ O ) < Y1°(S') > ^ ( c v ) (3.31) 
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where a i s a unit vector p a r a l l e l to the magnetisation and S1 i s the spin 
u n i t vector referred to t h i s d i r e c t i o n . By comparison with equation 3.28, 
the quantity 
^ 0 ) < Y1°(S') > 
may be recognised as the temperature dependent anisolropy coefficient f5^ ^ (T) 
and also 
K X ( T ) < Y^CS') > T 
K l ( 0 ) < Y 1 ° ( S " ) > 0 
(3.32) 
The temperature v a r i a t i o n of the anisotropy coefficients i s reduced to an 
evaluation of the r i g h t hand side of equation 3.32. Several separate 
cases are treated. 
(a) At low temperature. Quantum mechanical treatment 
Using the fact that 
< Y , ° > T M(T) 
i - i = = mT (3.33) 
< Y^ > Q M(0) 
Callen and Callen obtain 
& . (T) 1(1+1) 
^7b7 " ( V " 2 ( 3 - 3 4 ) 
(b) Extension to a r b i t r a r y temperatures 
The averages of equation 3.32 were calculated i n th i s case using 
a Boltzman d i s t r i b u t i o n function for the deviations of the spins from 
the mean direction. This gives 
GTj/o> = ^ ( z ) ( 3 ' 3 5 ) 
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where Z i s a parameter which can be eliminated by the use of the 
relationship 
mj, = i 3 / 2 ( z ) (3.36) 
Here i s a normalised Hyperbolic Bessel function of order 1 and 
* 3 / 2 ^ * S t* i e ^angevin function jf^  (z). Normalised hyperbolic Bessel 
functions are related to the hyperbolic Bessel functions ( I j ^ j thus: 
I,(Z) 
12 
At low temperatxires only, where mT i s nearly 1 and X i s large, a series 
A A 
expansion for I ^ ^ ( X ) and I^(X) gives 
— * GO (3.37) (0) " V 
i n agreement with the quantum mechanical treatment. This i s the well 
known ^ 2"^ P o w c r l a w enunciated by Zener (1954). Zener's proof of the 
law i s cla s s i c a l , allowing the spins any orientation i n an applied f i e l d , 
and makes the same basic assumption i.e. the sole effect of temperature 
i s to introduce local fluctuations i n the direction of the magnetisation 
vector. His theory does not specify that the microscopic local moment 
is a single spin or atom. He obtains a similar expression to 3.32 above 
\i 1CD < P1(cose) > T 
ft~[(0) = <P 1(Cos9) > Q < 3 ' 3 8 ) 
where P^CosG) - Yx ( ^ r e p l a c e s Y1 (S'). 
He makes a second assumption, namely that the deviation 0 of the 
local magnetisation i s the resultant of a large number of small deviations 
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i n random directions and the pr o b a b i l i t y of a deviation with i n a certain 
range i s given by a random walk function. This leads to 
This agrees with equations 3.34 and 3.37 for low temperatures but does 
not agree with equation 3.35 for higher temperatures. Keffer (1955) 
points out that t h i s i s due to Zener's use of a random walk d i s t r i b u t i o n 
function rather than the Boltzman d i s t r i b u t i o n , the l a t t e r function 
implying a f i e l d of force tending to restore the spins to parallelism. 
Wolf (1957) calculated the anisotropy energy of a cubic l a t t i c e i n 
terms of the reduced magnetisation (m^) using e x p l i c i t quantum mechanical 
expressions for the energy of a single spin i n the crystal f i e l d and 
assuming a Boltzman d i s t r i b u t i o n of spins between the various levels. 
His results for 1 = 2 and 4 and for spins 1, 3/2, 5/2 and 7/2 were 
adapted by Callen and Callen (1965) who showed that the values converge 
very rapidly to those given by the hyperbolic Bessel functions for the 
classical approximation. 
3.5.3. Temperature v a r i a t i o n of anisotropy of two-ion o r i g i n 
pseudo-dipolar and pseudo-quadrupolar interactions i s caused by the 
s t a t i s t i c a l deviations of the pairs of spins and Sj from the direction 
of the macroscopic magnetisation. The form of the theoretical 
temperature v a r i a t i o n depends very much on the degree of correlation 
between the spins, that i s on how far they maintain p a r a l l e l alignment 
with each other. Only the two l i m i t s of complete correlation and no 
correlation can be treated with any confidence. 
ft,(T) 
GO 
K i ( 0 ) 
1(1+3.) 
2 (3.39) 
The temperature dependence of anisotropy resulting from 
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(a) The case of complete correlation 
Keffer (1955) showed that Zener's 10th power law (for 1 •= 4) 
applies to the pseudo-quadrupolar interaction i n cubic crystals i n the 
case of complete correlation and Keffer and Oguchi (1960) established 
the same r e s u l t for the pseudo-dipolar interaction. I n t h i s l i m i t the 
theoretical temperature v a r i a t i o n of the anisotropy i s the same whether 
calculated from expressions for the energy of interaction between 
neighbouring spins or from expressions involving single spins i n a 
cr y s t a l l i n e f i e l d . 
I f and Sj move always p a r a l l e l to each other then the two spins 
can be treated as one spin of magnitude 2S and the averaging of the 
anisotropy energy can be carried out by the same methods as for the 
single ion case. Thus for complete correlation at low temperatures 
equation 3.34 also holds and Hi ^  i s proportioned to the -£™Lll power of 
For the pseudo quadrupolar term this may be regarded as a 
replacement of the term 
< (S..r. , ) 2 ( S , . r . , ) 2 > 
by < (S .r ) 4 > 
<~i ~ i j 
i . e . S. becomes the same as S. through correlation. 
This s i t u a t i o n can hold only where the lowest states of the two 
spin complex are occupied since i n these the spins remain p a r a l l e l . The 
condition i s that 
1 - r c T « | 
This correlation can also be regarded as breaking down at temperatures 
where the wavelength of thermally generated spin waves i s of the same 
order of magnitude as the range of the given two-ion mechanism. 
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(b) The case of no correlation 
I n t h i s case the spin averages transform separately, so that for 
the pseudo-quadrupolar terms the expression 
< (jL.r, i ^ . r . . ) 2 > 
i s replaced by 
2 2 < S..r., > < S,.r.. > 
and the average of < Y °(S.) > 2 rather than < Y.°(S.) > i s found. 
2 x 4 i 
Thus Van Vleck (1937) obtained a ( — ~ ^ - ) 2 law (=6th power law for the 
two-fold component) for the pseudo-quadrupolar interaction at low 
temperatures, since his use of the molecular f i e l d approximation was 
equivalent to the assumption of no correlation. 
Callen and Callen (1965) performed a cluster theory calculation for 
1 = 2 , for several spin values and for several ratios of ^ / ^ where 
|. ^  and ^ ^  a r e exchange integrals for nearest and next-nearest 
2 
neighbours. They show that an m^ , law holds over p r a c t i c a l l y the whole 
range of values of m^ , and only at the very low temperature l i m i t i s K« ^ 
3 
again proportional to m^, . This distinguishes the two-ion v a r i a t i o n 
from that due to the single ion mechanism for which the approximation 
K 2(T) A 3 
^ ( 0 T = I 5 / 2 ( Z ) w V 
i s v a l i d over nearly the whole temperature range. They state (1966) that 
i n general for two-ion interactions at high temperatures, 
K.(T) . 
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Yang (1971) obtained expressions for the temperature variation of the 
anisotropy constants and i n equation 3.3 for hexagonal crystals 
which included terras representing two-ion interactions with no correlation. 
Since her c o e f f i c i e n t i s a linear combination of f^. 2 a n (* ^ 4 t' i e S : * - n 8 l e 
ion terms are as follows: 
K^(T) 
= a l c ( 0 (Z) + b I 0 / 0 (Z) (3.41) K,(0) " a i5/2 V £" u J9/2 
K 2(T) 
d n / 0 (Z) (3.42) K 2(0) " "9/2 
where Z = = ^3)2 ( V a s b e f o r e -
With the addition of the two-ion terms the expressions are 
K (T) A A A 
1 - a' I c / o ( Z ) + b ' I f t / 0 ( Z ) + a»(mj 2 + b " ( l c , „(Z))2 (3.43) K x(0) " * i5/2 N <" T i9/2 v" y T * V U V u ^5/2' 
K (T) 
M d K^OT " »' W » + <="«5/2 < Z» 2 «•«*> 
The coefficients a 1, b', a", b" etc. involve quantities which are 
not known with any precision and Yang treats them as constants which can 
be adjusted to f i t the experimental results. Thus any theoretical 
relationship between the coefficients is l o s t and i t may be said simply 
A 
that each single-ion term i n I^^(7.) i s supplemented by a term of the 
A 2 
form ( l ^ 2 ( z ) ) representing the two-ion interaction and s i m i l a r l y each 
A A 2 
single-ion term I,.y 2(Z) has added to i t a proportion of ( I ^ t Z ) ) . 
2 
(Equivalent to (m^ ,) ). Yang was able to represent very closely indeed 
the temperature v a r i a t i o n of and K 2 for both Gadolinium and Cobalt 
with expressions of t h i s form. Yang et a l . (1973) have applied the theory 
46. 
to cubic crystals and have obtained good f i t s to the temperature variation 
of for Iron and Nickel. They point out that f i t t i n g with four 
adjustable constants i s not a very c r i t i c a l test but the expression i s 
superior to previous expressions for nickel, (e.g. that of W.J. Carr 
quoted i n Chikazumi 1964, p. 152) at least i n that i t has a theoretical 
j u s t i f i c a t i o n . A complete check of the theory must wait u n t i l knowledge 
of the microstructure of the metals allows a calculation of the 
coe f f i c i e n t s . 
3.6 Variation of Magnetostriction with Temperature 
K i t t e l and Van Vleck (1960) extended the classical theory of the 
temperature v a r i a t i o n of anisotropy energy to include the magnetoelastic 
constants. They used expressions derived by Becker and Doring on symmetry 
considerations for the magnetoelastic energy of a cubic crystal and 
regrouped the terms so that they formed homogeneous surface harmonics of 
order 2 and 4. The temperature dependent coefficients of these terms were 
shown to be proportional to < P2(CosQ) > and < P^(Cos0) > which correspond 
exactly to the averages appearing i n the temperature variation of 
anisotropy. Callen and Callen extended t h i s work to crystals of other 
symmetry and pointed out that the thermal averages involved i n calculating 
magnetostrictive strains are i d e n t i c a l to those i n the theory of anisotropy 
so that the temperature v a r i a t i o n of anisotropy coefficients of order 1 
should be the same as anisotropy coefficients of the same order. For 
example the coe f f i c i e n t \^ for which 1 - 2 should vary as I^^(.Z) i f i t 
i s of single-ion o r i g i n . For Dysprosium the proportionality is found to 
hold over three orders of magnitude (Clarke et a l . , 1965). 
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3.7 The Temperature Variation of Magnetostriction or Anisotropy as an 
Indication of the Fundamental Mechanism Involved. 
In the case of Gadolinium, Callen and Callen (1965) found that 
magnetostriction data obtained from Coleman was f i t t e d very well by the 
expression 
\ Y = 351 x 1C~6 I 5 / 2 ( Z ) - 243 x'lO" 6 m 2 T R (3.45) 
The f i r s t term indicates a single-ion mechanism and the second a two-ion 
mechanism of comparable strength. The r e l a t i v e l y small single-ion 
contribution i s e n t i r e l y consistent with the S ground state of Gadolinium. 
Similarly i t should be possible i n principle to distinguish 
contributions to the hexagonal anisotropy from magnetostriction and the 
cr y s t a l f i e l d by t h e i r d i f f e r e n t temperature dependence. The contribution 
from magnetostriction i s given (section 3.4) by equation (3.26). 
A K 6 =~T-
doe s not vary greatly with temperature, while \ Y and A, for which 1 
A A 
= 2 and 1 = 4 , i f of single-ion o r i g i n , vary as and I^^(z) . 
AK, 6(T) A 
Therefore -—±- - I . ( z ) . I 0 / . ( Z ) (3.46) 
6 
This i s i n contrast to the crystal f i e l d contribution for which 1 = 6 and 
n t t > ) -
2 6 I ^ / 9 ( Z ) • (3.47) 
0&>> 1 3 / 2 
Combining (3.46) and (3.47) 
S C W ) - o K 6 6 ( T ) + i fC ( I ) ' o<C<n3/2 ( z > + *Kt*«»i,/2<«.I5/2e> 
(3.48) 
Elemen fc Temperatures Comments on the antiferromagnetic 
Neol 
K 
Tran&itio/i 
K 
Curie 
K 
phase. 
Co 12.5 Ferriroagnetic planes, moments parallel 
to the 'c' axis. 
Pr 25 Adjacent layers antiparullel. Sinusoidal 
modulation of ferromagnetic structure i n 
each plane. Magnetic ordering i s not 
found i n single crystals. 
Nd 19 7.5 Sinusoidal modulation as for Pr. Hexagonal 
sites order at 19K and cubic sites at 7.5K 
with a different modulation wave vector. 
Sin 14 106 Spins on hexagonal sites order antiferro-
magnefcically at 10&S-. Cubic sites order 
ferromagnetically at 14K. 
Kn 89 Helical structure as for Dy with spins 
parallel to a cube face and the screw 
axis perpendicular to a cube face. 
Gd 292.7(g) Has no antiferromagnetic phase. 
Tb 250.2(a) 219.6(f) 
»y 176 (a) 88.3(f) 
Ko 1.50 (a) 19 (b) 
Kr 85 (c) 53(d) 19.5(b) The 'squaring up' to the form (d) of 
figure 4.1 proceeds gradually and 3s not 
complete when Tq i s reached. 
5V.2(c) 40(c*e) 32 (e) 
Table 4.1 Magnetic Ordering i n the Rare Earths ( Data from Koehler i n 
El l i o t t ( l 9 7 2 ) pa^e 81 et. seq. ) 
>0 •A 0 •Jd CD CD 
0 0 0 0 0 0 0 0 \ •3 +> 0 
«3 0 •0 0-0 •0 •0 •0 •0 •H lO to 9 
o 0 0 0-0 "0 4) 6 •0 i 
O <M 
10 rH 4) 0 0 0 p. -0 0 6 0 5 a 
0 •0 0 -0 0 -0 0 P4 
0 0 0 0 0 0 0 0 .S 
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CHAPTER 4 
MAGNETIC ORDERING IN THE RARE EARTHS 
4.1 Varieties of Magnetic Ordering i n the Rare Earth Metals 
Table 4.1 gives the various ordering temperatures. Small l e t t e r s i n 
parentheses refer to the sections of Figure 4.1 where the various types of 
magnetic ordering are i l l u s t r a t e d . The symbols represent the orientations 
of spins i n consecutive planes p a r a l l e l to the basal plane. 
Figure 4.1(a) represents the h e l i c a l spin arrangement described i n 
section 2.36 and found i n Terbium, Dysprosium and Holmium. The 
temperature range over which t h i s periodic structure exists i n Terbium i s 
quite narrow and the application of a small magnetic f i e l d (about 0.1T) 
destroys the periodic structure. I t i s not absolutely certain that the 
structure i s h e l i c a l but such a structure i s expected on theoretical 
grounds and measurements on alloys with Yttrium, which are expected to 
have the same structure, seem to confirm t h i s . 
I n the arrangement of Figure 4.1(b) each spin i s shown resolved into 
two components. One set of components aligns ferromagnetically p a r a l l e l 
to the c axis while the other set forms the planar s p i r a l arrangement as 
i n Figure 4.1(a). The unresolved moments evidently l i e on a cone which 
has i t s axis p a r a l l e l to the "c" axis. 
Figure 4.1(c) i l l u s t r a t e s a sinusoidal variation of the "c" axis 
component of the individual moments. The other components of the moments 
which are p a r a l l e l to the basal plane are randomly orientated and 
produce no overall e f f e c t j they are therefore not shown i n the diagram. 
In Figure 4.1(d) components of the atomic moments p a r a l l e l to the 
basal plane form a planar s p i r a l while components p a r a l l e l to the "c" 
axis align antiferromagnetically. 
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Figure 4.1(e) shows the ferrimagnetic ordering peculiar to Thulium i n 
which the bulk magnetic moment results from the alternation of 4 planes 
having spins p a r a l l e l to the "c" axis with 3 planes having oppositely 
directed spins. 
Figure 4.1(f) shows the ferromagnetic ordering i n Terbium and 
Dysprosium while Figure 4.1(g) shows the ferromagnetic ordering i n 
Gadolinium where the angle marked 9 changes with temperature, becoming 
zero above 240K (Corner et a l . , 1962) 
Periodic structures are repeated throughout the crystal with a 
wavelength which varies with temperature and i s i n general not 
commensurate with the interlayer spacing of the cr y s t a l . 
4.2 Interactions Causing Magnetic Ordering (With particular reference 
to the heavy Rare Earths) 
4.2.1. Indirect Exchange 
The exchange inte r a c t i o n giving r i s e to the co-operative 
phenomena encountered i n the Rare Earths must be indirect i n view of the 
small spatial extent of the 4f o r b i t a l . I t must also be o s c i l l a t o r y , 
i . e . change sign with the separation of the pairs of ions, i n order to 
explain the s p i r a l and other periodic structures observed (section 2.36). 
The small value of He, needed to produce the metamagnetic t r a n s i t i o n i n , 
f o r example, Terbium (less than 0.08T) compared to the magnitude of the 
Heisenberg f i e l d points to the existence of ferromagnetic interactions 
alongside the antiferromagnctic interactions which reduce the difference 
i n energy between the ferromagnetic and antiferromagnetic states. The 
existence of magnetic ordering i n alloys containing as l i t t l e as 5% of 
magnetic Rare-Earth i n a non-magnetic diluant such as Lanthanum or 
Yttrium indicates chat the i n t e r a c t i o n i s of greater range than the 
distance between nearest neighbours i n a l a t t i c e . 
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The usual explanation of these facts has been on the basis of a 
model, used orgi n a l l y by Rudermann and K i t t e l i n connection with Nuclear 
Magnetic Resonance investigations, subsequently applied by Kasuya to the 
magnetic ordering i n Gadolinium and by Yosida to Copper Manganese alloys, 
now known ag the Rudermann-Kittel-Kasuya-Yosida or simply RKKY interaction, 
t h i s model the exchange interaction between the 4f electrons of one ion 
and the conduction electrons i n the metals results i n a polarisation of 
the l a t t e r which i n turn couples with a more distant 4f s h e l l . The 
exchange integrals are d i f f i c u l t to evaluate from f i r s t principles and 
i t i s found adequate for a phenomenological theory to represent the 
interactions as scalar couplings of the form 
H. = r S..S^  (4.1) 
where T i s a constant. 
This leads to a polarisation of the conduction electrons 
.2. 
P.(r) = S.F(2k..r) (4.2) 
i " . 0 rJL f ~ 4V 2E f 
where Z i s the number of conduction electrons per atom, V i s the atomic 
volume, i f the Fermi energy, the wave-vector of the electrons at 
the Fermi surface and F(x) i s a function 
F(x) - ( B l n * - 4 X C 0 S x ) (4.3) 
x 
F(x) has the necessary properties of alternating i n sign and dying away 
slowly with distance. The i n t e r a c t i o n of this polarisation with a second 
spin has the same form as equation (4.1) above and t h i s leads to an 
i n t e r a c t i o n of the form 
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H 9nZ r 
4V E f i * J 
Y F(2k..r..)S..S. (4.4) 
de Gennes (1962) showed that i n order to take account of the spin-orbit 
coupling when applying the above r e s u l t to the Rare Earths i t was 
necessary to replace S. and S. by ( g - l ) j . and ( g - l ) J , the projections of 
•L j !• J 
the spins on the dir e c t i o n of J. 
The theory i n broad outline i s very successful. In the molecular 
f i e l d approximation i t leads to an expression for the paramagnetic Curie 
temperature 9 , 
The factor (g-1) J(J+1), i s known as the de Gennes function and i s found 
to be closely proportional to the average values of 8^  for Rare Earths. 
For the case where there are three conduction electrons per atom de Gennes 
obtained a minimum exchange energy when the interlayer turn angle i n a 
h e l i c a l spin structure i s about 60°\ this i s not far above typical values 
actually observed. Theoretical expressions also predict correctly that 
the exchange energy i n the h e l i c a l state i s not very different from that 
i n the ferromagnetic state, a fact which gives magnetostriction and 
anisotropy energies a decisive r o l e i n determining the ordered state of 
the metals. (Section 4.2.2). 
The pola r i s a t i o n of the conduction electrons which i s an essential 
feature of the model i s observed as an enhancement of the magnetic 
moments of the Rare Earth atoms i n the metallic state. 
P 
3TTZT (g-1) J(J+1) ) F(2k F.r ) ke 
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Many sweeping assumptions are made i n performing calculations on the 
RKKY model. The Fermi surface i s assumed to be spherical and the 
conduction electrons are a l l assumed to be of an 's' character. The 
theory does not account at a l l for the variation of the interlayer turn 
angle with temperature and the expression for 8^  breaks down for various 
Rare Earth i n t e r m e t a l l i c compounds (Levy 1970, Becle et al 1970) 
Campbell (1972) points out many inconsistencies i n deductions based on 
the model and shows that many of them would be removed by a different 
i n d i r e c t mechanism having positive exchange between 4f and 5d electrons i n 
the same atom and dir e c t 5d-5d interactions between di f f e r e n t atoms. 
This proposed int e r a c t i o n i s however of short range and alone cannot 
account for the phenomena i n the Rare Earths. The main features of the 
RKKY theory are s t i l l accepted while modifications are made to achieve 
consistency (Taylor 1971, Levy 1970). 
The exchange function may be determined experimentally from spin-
wave spectra excited by i n e l a s t i c neutron scattering and i s usually given 
i n terms of the Fourier transform function 
}<*> - 1 w - 6 > 
where qi s a reduced wave vector 2n/Xc (Mackintosh and Bjerrum M0ller (1972)) 
I f a maximum i n the graph of > (q) against q occurs where q = 0, the 
i n i t i a l ordering i s ferromagnetic as i n the case of Gadolinium; but i f 
there i s a maximum at q = q > the ordering should then be periodic with 
a wave-vector Q equal to ,3 m a x> ati& m a y be h e l i c a l , sinusoidal or some 
other form. I f = 1 then normal antiferromagnetism should r e s u l t . 
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4.2.2. The effect of magnetostriction and magnetocrystalline 
anisotropy on magnetic ordering i n the heavy Rare Earths 
Although s p i r a l structures w i l l not occur without the long 
i range o s c i l l a t o r y type of exchange interaction with a maximum i n *Jf (q) 
at some non-zero value of q, the existence of t h i s type of exchange does 
not necessarily produce a periodic structure. Thus experimental results 
for ^ (q) for Dysprosium at 78K show a d e f i n i t e maximum displaced from 
the origin^yet at t h i s temperature Dysprosium i s ferromagnetic. The 
explanation of t h i s i s that the system of spins takes up the state with 
the lowest free energy and reductions i n the t o t a l free energy due to 
magnetostriction and anisotropy i n the ferromagnetic state may more than 
compensate for an increase i n exchange energy. 
I n the heavy Rare Earths magnetocrystalline anisotropy largely 
controls the form of the periodic structures. In the particular materials 
studied i n t h i s investigation (Dysprosium, Terbium and Terbium-Scandium 
Alloys) the "c" axis i s very "hard" magnetically and spin moments are 
confined to the basal plane i n both the ferromagnetic and the a n t i -
ferromagnetic state so that the l a t t e r is h e l i c a l . Details of the 
following discussion therefore mainly refer to the t r a n s i t i o n from h e l i c a l 
to p a r a l l e l spin arrangements although the principles arc of wider 
a p p l i c a b i l i t y . The ideas involved were developed by E l l i o t t (1961, 1971) 
and Cooper (1968, I and I I ) and are f u l l y described i n Chapter 2 of 
E l l i o t t (1972). 
The components of the free energy which should be taken into account 
arc as follows:-
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( i ) The isotropic i n d i r e c t exchange energy described by the RKKY 
theory (F. ) . J iso.ex 
( i i ) Anisotropic exchange energy (F ). Since two-ion interactions 
are not s i g n i f i c a n t i n these materials this energy i s neglected. 
( i i i ) Crystal f i e l d anisotropy ( F ^ ) due to the undistorted l a t t i c e . 
( i v ) E l a s t i c s t r a i n energy ( F e ) . 
(v) Magnetoelastic energy (F g ) coupling the spins to the strains. 
( v i ) I n the presence of a magnetic f i e l d there wil 1 also be the 
Zeeman energy (F ) . 
z 
The change to ferromagnetism w i l l occur when 
F U 1 > F * + F + F + F . + F (4.6) ex.hel ex.fm me e cf z 
or when 
F , , - F - F > F + F , (4.7) ex.hel ex.fm z ms cf 
The equality holding at the c r i t i c a l f i e l d for each temperature. 
F . A and F represent the exchange energy i n the helical a.f.m. ex.neJ. ex.xm 
and f .m. states respectively, and F is the free energy due to the 
ms 
equilibrium magnetostriction, equal to the sum of Ffi and F e- Expressions 
for the values of F and F are already known. From equation (3.25) we 
ms cf 
have 
F . _ c V q V CVACOB60 ( 4 < 8 ) 
ms 8 4 
Omitting a l l terms concerned with the axial anisotropy from equation 
(3.7), since the spins do not leave the basal plane, 
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F _ - K,6Cos60 (4.9) cf 6 r 
The sum of F and F i s always negative since the f i r s t term for ms cf J O 
F i s negative and the spins orientate themselves so as to make the sum ms ° r 
of — ^ — cos60 and rLg cos60 negative, 0 being either 30 or 0 
depending on whether or not the sum of ^  ^  ^ and \C ^ i s positive. 
The energies F and F therefore reduce the free energy i n the & ms cf e - / 
ferromagnetic state so that the system may become ferromagnetic even when 
the exchange energies favour the h e l i c a l spin arrangement. Their sum 
F = F + F . (4.10) d ms cf 
may be regarded as a driving energy to ferromagnetism. A numerical test 
of equation (4.7) above i s described by Cooper for Dysprosium. The 
quantities on the l e f t hand side of the equation were obtained from the 
analysis of E l l i o t t (1961) and the quantity F^ was calculated assuming 
that the magnetostriction and anisotropy are of single-ion o r i g i n , and 
that the constant A i s negligible for t h i s metal. Therefore 
A a ^ i5/2w} + K 6 6 { i u / 2 < z > } (4.ii) 
where as before, 
m,, = I 3 / 2 ( Z ) 
Although the two terms contributing to are of roughly equal magnitude 
at absolute zero, the hexagonal anisotropy dies away more rapidly with 
increasing temperature and i s only about 20% of F^ at the Curie 
temperature. Satisfactory numerical agreement was obtained, thus 
supporting the general v a l i d i t y of the concepts and also that the driving 
energy to ferromagnetism i n Dysprosium consists mainly of the c y l i n d r i c a l l y 
symmetrical magnetostriction energy. 
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The onset of ferromagnetism with reduction of temperature can be 
understood easily on t h i s model. The driving energy depends on 
A 2 A 
(l^j^iz)) and on ^ 3 / 2 ^ both of which factors increase more rapidly 
than the exchange energy as the temperature f a l l s . 
The hexagonal anisotropy determines the direction of the moment when 
ferromagnetism occurs and may determine whether the collapse of the 
h e l i c a l spin structure at the c r i t i c a l f i e l d i s a second or f i r s t order 
t r a n s i t i o n . A knowledge of the magnitude of t h i s anisotropy energy i s 
therefore of some importance i n understanding the magnetic ordering of a 
pa r t i c u l a r material, and a knowledge of i t s temperature variation i s also 
of use i n giving an indication of i t s o r i g i n . 
4.3 Anisotropy and Related Measurements i n Terbium 
A complete series of magnetisation measurements on single crystals 
of Terbium i s given by Hegland et al (1963) together with some data from 
s p e c i f i c heat, neutron d i f f r a c t i o n and e l e c t r i c a l r e s i s t i v i t y 
measurements confirming the phase changes found. The antiferromagnetic 
order between 220 and 230K can be overcome with a f i e l d less than 0.08T. 
They also reported the very much smaller s u s c e p t i b i l i t y p a r a l l e l to the 
"c" axis compared with directions i n the basal plane, the enormous 
anisotropy making i t necessary to re s t r a i n the specimen with chains during 
measurements p a r a l l e l to the "c" axis at lower temperatures. From the 
lack of saturation along the "a" axis they deduced that the "b" axis i s 
the easy axis at a l l temperatures. 
Rhyne and Legvold (1965) measured the magnetostriction of Terbium 
single crystals between 4 and 350K i n f i e l d s up to 3T, computed the values 
of the constants A and C i n equation (3.27) and compared the temperature 
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v a r i a t i o n with the predictions of the single ion theory (Section 3.5). 
Since A i s a coef f i c i e n t of a term of the fourth degree and C of a term 
of the second degree, i t was expected that 
l i e } = J9/2«3/2<"T» ( 4 - 1 2 b ) 
where C(T) and A(T) denote the values of C and A at temperature T while 
C(0) and A(0) are t h e i r values at absolute zero. Both of these 
relationships were very well s a t i s f i e d by the results over the whole 
temperature range. 
I n order to measure the enormous anisotropy energy when the specimen 
i s magnetised p a r a l l e l to a "c" axis, Rhyne and Clark (1967) used a 
torque magnetometer i n which the counter torque was provided by a current 
i n a c o i l fastened to the specimen and suspended with i t i n the applied 
f i e l d . Fields up to 14T were used and i t was found that f i e l d s of 10T 
were able to move the magnetisation less than 10° out of the basal plane. 
Using magnetisation data to calculate the actual orientation of the 
magnetisation and the f i r s t term i n equation 3.7 they found that the 
temperature v a r i a t i o n of followed the single-ion theory well i.e. 
K 2 ( T > - - - i 
= I 5 / 2 ( I 3 / 2 ( V ) ( 4 ' 1 3 ) 
with a value of K „(0) equal to 6.65 x 10"* J Kg"1. I n contrast K,^, 
2. D 
the basal plane anisotropy constant deduced from the magnetostriction 
A 
data, did not f i t the corresponding one-ion function ^ 3 / 2 ^ ' a t a 1 1 
closely. 
6
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Figure 4.2 The basal piano anlsotropy of Terbium comj>are& with 
theory. Adapted from Cooper (1968 I ) 
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Bly et al (1968) measured the anisotropy constant for Terbium i n 
the paramagnetic region and also (= \°(, ^ ) i n the ferromagnetic range. 
The results agreed well with those of Rhyne and Clarke, and confirm the 
poor f i t of the single-ion function, ^i^ll^' 
Feron (1969) measured the magnetocrystalline anisotropy of Terbium 
using the magnetisation curve method (Section 5.1) and found a 
satisfactory agreement between the varia t i o n of K ^  and the corresponding 
single-ion function but a much poorer agreement for the va r i a t i o n of K^0-
This he f e l t would be improved by taking magnetostriction into account. 
His value of ('(^(C-) i s only 3% greater than that of Rhyne and Clarke. 
Microwave absorption experiments at 9.44 GHz by Bagguley and Liesegang 
(1966) on a basal plane crystal disc of Terbium allowed an estimate to 
be made of the hexagonal anisotropy f i e l d . This quantity was found to 
be proportional to (m^) i n the temperature i n t e r v a l 140 to 220K. This 
i s a smaller power law than expected on the single-ion theory, whether 
the anisotropy i s of crystal f i e l d o r i g i n or not. 
Cooper (1968,1) considered the contribution to the hexagonal 
anisotropy of Terbium from the second order magnetostriction effects 
which should vary (Equation 3.46) with temperature as the product, 
I 9 / 2 < Z ) . I 5 / 2 ( Z ) \ - I 3 / 2 ( Z ) 
He showed that t h i s function did not provide a s i g n i f i c a n t l y improved 
f i t to the results of Rhyne and Clarke (1967) (Figure 4.2). 
From i n e l a s t i c neutron scattering experiments, Nielsen et a l (1970) 
were able to show that the variations of htu(0) with f i e l d and temperature 
for a Terbium/10% Holmium crystal could be f i t t e d to theoretical 
expressions only i f the parameter representing the crystal f i e l d 
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anisotropy i s near zero. They concluded that the hexagonal anisotropy 
i s e n t i r e l y accounted for by magnetoelastic effects. Because of the 
s i m i l a r i t y between the anisotropy properties of Terbium and Holmium, 
and because the proportion of Holmium in the sample was small, they f e l t 
that the same conclusion could be drawn for pure Terbium. 
4.4 Anisotropy and Related Measurements i n Dysprosium 
The magnetic properties of Dysprosium i n various crystallographic 
directions were determined by Behrendt et al (1958) and interpreted by 
Liu et al (1959) who determined the axial and the basal plane anisotropy 
constants by f i t t i n g theoretical expressions for the magnetisation to 
21 3 the experimental curves. varied as (m^ ,) and as (m^) i n 
accordance with Zener's theory. They found no anisotropy i n the basal 
plane between 110K. and the Neel temperature. This was not expected for 
a normal antiferromagnelic material. Neutron d i f f r a c t i o n experiments 
(Wilkinson et al 1961) showed that the antiferromagnetic structure i s 
h e l i c a l with a further s l i g h t modulation below 140K possibly due to 
the basal plane anisotropy. Clark et al (1963, 1964, 1965) studied the 
Sf -3 
magnetostriction, which i s extremely large, -y reaching 6 x 10 
p a r a l l e l to an "a" axis with an applied f i e l d p a r a l l e l to the "b" axis. 
The high value allows measurement over a wide range of temperature, and 
V 2 
the v a r i a t i o n of \ Y' was found co follow the single ion function I ^ ^ 2 ^ ) over three decades. 
Experiments carried out by Rhyne and Clark at the same time as those 
expected from the i d e n t i c a l values of the quantity < r > a (J) for 
the two metals i n the expression for the anisotropy energy i n equation 
on Terbium indicate similar values for This was to be 
2 
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(3.13). K g V o ) i s of the order of 100 J kg" 1. Rhyne et al (1968) 
continued magnetisation measurements on Dysprosium and Terbium i n s t a t i c 
f i e l d s up to 14T and i n pulsed f i e l d s of the order of 40T. Fields above 
6T applied along the "c" axis produced permanent changes i n the crystals. 
From the magnetisation curves at lower f i e l d s , values of l 5^ 0^) were 
deduced some 20% lower than those obtained i n torque measurements. 
Feron (1969) using magnetisation curves obtained values of K-j° and 
K « i n substantial agreement with the torque methods. The anisotropy 
c o e f f i c i e n t obeys the single-ion relationship equation (3.35) quite 
closely. Thus 
K 6 6(T) 
= I 1 3 / 2 ( Z ) where Z = I ^ G ^ ) 
confirming the single-ion crystal f i e l d o r i g i n of the anisotropy. 
Changes of easy axis i n Dysprosium were observed by Bly (1967,1969) 
i n experiments with a torque magnetometer. The easy axis changes are 
summarised i n Figure 4.3, which i s taken, with modifications from Bly's 
thesis (1967),,. A point on the graph represents one temperature and 
applied f i e l d value. The lines j o i n points where the easy axis of 
magnetisation changes and changes sign. The broken l i n e joins 
points obtained from the torque measurements while the s o l i d lines mark 
changes of easy axis deduced by Bly from the magnetisation measurements 
of Jew and Legvold (1963). The regions of the diagram bounded by these 
lines are marked with Roman numerals and the easy axis i n each region 
i s shown by small l e t t e r s placed close to the lines. The dotted l i n e 
shows the c r i t i c a l f i e l d at each temperature. 
The o r i g i n a l version of t h i s diagram contains an error which has 
the effect of exchanging 'a' for 'b'. The correction was made i n Bly's 
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1969 paper and i s incorporated i n Figure 4.3. Also i n the 1969 paper 
Bly pointed out that the changes of easy axis l i e very close to a l i n e of 
constant magnetisation where 
a = 236 An^kg"1 
There are several discrepancies between the torque-curve and the 
magnetisation results. For example i n the regions I and I I they indicate 
d i f f e r e n t easy axes. 
i 
4.5 The Effects on the Magnetic Ordering of Heavy Rare Earths of 
Alloying with Yttrium 
Alloys of Gadolinium and Lanthanum with Yttrium were investigated by 
Thorburn et a l (1958) and alloys of Terbium, Dysprosium, Holmium, Erbium 
and Thulium with Yttrium were investigated by Child et al (1965) by 
neutron d i f f r a c t i o n techniques. The results confirmed and extended 
previous work (e.g. Weinstein et a l 1963) and are reviewed and discussed 
by Koehler (1965). 
Increasing percentages of Yttrium lower the Neel point but lower 
the Curie temperature even more, thus widening the ranges of temperatures 
over which the alloy has an antiferromagnetic structure. The fer r o -
magnetic phase i n Terbium disappears with less than 25 atomic percent of 
Yttrium and i n Dysprosium i t disappears with less than 5 At% of Yttrium. 
Within the l i m i t s of resolution of the method the antiferromagnetic 
structures i n the alloys are found to be the same as those i n the pure 
Rare Earth. 
Gadolinium alloys remain purely ferromagnetic with up to 34 At% of 
Yttrium; with 34 to 40 At% of Yttrium they show both ferromagnetic and 
antiferromagnetic behaviour, while more d i l u t e alloys exhibit only an 
1 
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antiferromagnetic phase, probably of a he l i c a l kind. 
The overall effect of d i l u t i o n with Yttrium seems to be to produce 
magnetic behaviour characteristic of the Rare Earth elements further down 
the l i s t and to s t a b i l i s e the h e l i c a l structures at the expense of the 
ferromagnetic ones. Ordered structures are found with quite small 
concentrations of the magnetic Rare Earth, e.g. 5% Terbium or 10% Holmium. 
Relationships similar to those obtaining for the inter-Rare Earth alloys 
(Bozorth et a l 1966) are found between the Neel temperatures, the i n i t i a l 
i n t e r - l a y e r turn angle and the average de Gennes function. The l a t t e r 
quantity i s defined as 
G - S C i ( g - l ) 2 J i ( J i + 1) 
where i s the f r a c t i o n of the i t h . component i n the alloy and 
G, = ( g - l ) 2 J . ( J , + 1) 1 i i 
i s the square of the eff e c t i v e spin, i.e. the projection of the spin on J. 
The Neel temperatures are proportional to the 2/3 power of the de 
Gennes function. This relationship holds, with the same constant of 
pro p o r t i o n a l i t y , for a l l percentage compositions of a l l the inter-Rare 
Earth and Yttrium-Rare Earth binary alloys tested. More remarkably, the 
Curie temperatures of the ferromagnetic Gadolinium alloys also f i t the 
relationship. 
The interlayer turn angles j u s t below the Neel point ( 6 ^ when 
pl o t t e d against the average de Gennes function l i e quite close to a single 
smooth curve. This curve extrapolates to 8^  = 50° for small values of G. 
The value of f a l l s to zero for G - 11.5, corresponding quite 
closely to the composition f i r s t showing ferromagnetic behaviour i n the 
Gadolinium alloys. 
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4.6 The Effects on the Magnetic Ordering of Heavy Rare Earths of 
Alloying with Scandium 
Measurements of for Scandium (Chechernikov et al 1963, Ross et a l 
1969) show paramagnetic behaviour with a negative value of 0^  the para-
magnetic Curie temperature. This indicates antiferromagnetic coupling 
between nearest neighbours. There are uncertainties i n the value of 
and i n the s l i g h t anisotropy. Ross gives ) ^ w 90 x 10 ^ with X|Q ~ X||Q W 
—6 ' 4 x 10 . This anisotropy i s d r a s t i c a l l y affected by small amounts of 
magnetic impurities. Wohlleben (1968) explains the f i e l d dependence of the 
magnetisation i n alloys containing 0.1% of Gadolinium by (a) the existence 
of an antiferromagnetic i n t e r a c t i o n , (b) the existence i n Scandium of 
unquenched angular momentum i n the d-orbitals and (c) ready polarisation 
of the d electrons. 
Neutron d i f f r a c t i o n experiments (Child et al 1966, 1968) on alloys of 
Terbium, Holmium and Erbium with Scandium indicate some s i m i l a r i t i e s to 
the alloys w i t h Yttrium. The ordered structures are of the same kind as 
i n the pure Rare Earth and the i n i t i a l value of the inter-layer turn angle 
(6^) i s a single valued function of G with a l i m i t i n g value of 50°. There 
are several s i g n i f i c a n t differences however. The Neel temperatures do not 
follow a G law and Scandium lowers the Neel temperatures more for a given 
d i l u t i o n . Magnetic ordering vanishes for quite high percentages of 
magnetic Rare Earth, e.g. about 25 At% of Terbium, 18At% of Holmium, and 
39 At% of Erbium, even for temperatures as low as 1.3K. 
Magnetic measurements on Gadolinium-Scandium alloys (Nigh et al 1964) 
show that ferromagnetic behaviour persists up to approximately 30 At% of 
Scandium. At about 31 At% of Scandium the alloys show both ferromagnetic 
and antiferromagnetic behaviour while alloys with more Scandium are 
antiferromagnetic only. 
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The polarisation of the Scandium matrix i s shown by the r i s e i n m 
eff 
w i t h decreasing Gadolinium concentration and a similar r i s e i n m for 
sat 
the ferromagnetic alloys. Salamon (1971) using electron spin resonance 
found that the e f f e c t i v e moment of Gd i n Scandium was enhanced and varies 
wi t h d i r e c t i o n . 
Measurements of the l a t t i c e parameters, magnetisation, thermal 
expansion and magnetostriction of a series of Terbium Scandium alloys were 
made by Chatterjee and Corner (1971). The Neel temperatures appear to 
-4/3 - 2 vary as G and 8 as (G) . Magnetostriction measurements for two of 
v 2 
the richer alloys show that the constant XY' follows the single-ion 
theory well. I n addition the sharp f a l l i n the Curie temperature with 
increasing Scandium content correlates well with the f a l l i n the 
c y l i n d r i c a l l y symmetrical magnetostriction energy =-^C^(\ 1')^. This 
i s approximately 2K/Atom for Terbium but f a l l s to 1.25 K/Atoin for 
T b 0 89S°0 11 a n d 0 , 8 K / A t o m f o r T b o 825S°0 175* T h i s s u 8 8 e s t s t h e i d e a 
that c y l i n d r i c a l l y symmetrical magnetostrictive energy i s responsible for 
"d r i v i n g " the spin from a h e l i c a l to a ferromagnetic structure i n Terbium 
as for Dysprosium but takes no account of hexagonally symmetrical 
magnetostriction. 
The existence of h e l i c a l structures i n the alloys indicates that the 
exchange interactions are s t i l l long range and o s c i l l a t o r y . The entire 
absence of ordering with more than 70 to 80 At% of Scandium indicates 
considerable weakening of the interaction. The Scandium atoms have a 
volume about 25% smaller than those of Yttrium and this could be the cause 
of the d i f f e r e n t behaviour. The R.K.K.Y, theory does not help i n under-
standing the effect of such changes on the exchange energy. Wollan (1967) 
compared certain effects of d i l u t i o n of Terbium and Gadolinium with 
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Scandium to the effects of applying high pressures and showed that they 
were essentially the same. 
Isaacs et al (1971) investigating the anisotropy changes produced i n 
a Scandium matrix by quantities of magnetic Rare Earth of the order of 1% 
showed that Gadolinium changed the easy axis from "a" to "c" at low 
temperatures, while Dysprosium did not change the easy axis but increases 
the anisotropy by several orders of magnitude. I t thus appears that the 
solute begins to dominate the anisotropy at very low percentages. 
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CHAPTER 5 
METHODS OF DETERMINING ANISOTROPY CONSTANTS 
5.1 Anisotropy Constants from Magnetisation Curves 
The work done per u n i t volume i n magnetising a specimen i s given by 
I f the specimen i s symmetrical, unstrainedj magnetised to saturation, and 
i f i n addition corrections are made for demagnetisation f i e l d s and 
i r r e v e r s i b l e processes, then the work W i s the anisotropy energy E&. 
The i n t e g r a l may be found graphically as the area between the magnetisation 
(M/versus H) curve and the M axis. Determinations of E i n four selected 
a 
directions should then s u f f i c e to determine four anisotropy constants, 
and from equation 3.3 i t should be possible to obtain from one curve 
measured i n the basal plane p a r a l l e l to an "a" axis. 
To eliminate the contribution of irr e v e r s i b l e processes to the 
i n t e g r a l , a complete hysteresis loop may be plotted for the specimen and 
a curve constructed, the M co-ordinates of points being unchanged but the 
H co-ordinates of points being the mean of corresponding pairs of H 
co-ordinates on the hysteresis curve. Alternatively, each point on the 
magnetisation curve may be obtained by superimposing on the s t a t i c f i e l d 
a large alternating f i e l d , and gradually reducing the l a t t e r to zero. 
This allows the system to s e t t l e i n the state of minimum energy for 
each point. 
To eliminate the effect of demagnetising f i e l d s the specimen may be 
made i n the form of a picture frame. Otherwise i t may be an e l l i p s o i d 
M 
H.dM W 
o 
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of revolution so that the demagnetising f i e l d may be calculated. I f the 
specimen i s spherical then the work done against the demagnetising f i e l d 
i s the same for a l l directions i n magnetising to saturation. I t may then 
be treated as an extra unknown quantity and eliminated by obtaining another 
magnetisation curve. 
The method has several disadvantages. Unless the magnetisation 
curves are required also, i t i s very time consuming and requires 
temperature s t a b i l i s a t i o n over long periods. There are uncertainties 
associated with the corrections for demagnetising f i e l d which are large 
compared wi t h the quantity measured and results are also very sensitive 
to misorientation of the sample. I n addition i t cannot be applied 
d i r e c t l y i n cases where the f i e l d s available are not high enough to 
saturate the material i n the hard direction. This i s the case for the 
axial anisotropy i n Dy and Tb where Feron (1969) evaluated the 
them to the magnetisation curves. 
5.2 Anisotropy Coefficients from Torque Measurements 
A single crystal specimen i s cut, usually i n the form of a disc or 
oblate spheroid with i t s minor axis perpendicular to an important crystal 
plane. I t i s suspended from a v e r t i c a l torsion wire or other counter 
torque device so that the major axes of the disc or e l l i p s o i d are 
horizontal, and the specimen i s situated in a uniform horizontal magnetic 
f i e l d . The torque exerted by the f i e l d on the crystal i s measured as either 
the specimen or the magnet i s rotated and plotted as a function of the 
angle between the f i e l d lines and a specified crystal axis. 
On the assumption that the magnetisation with i n the crystal i s 
v i r t u a l l y p a r a l l e l to the applied f i e l d , the torque may be obtained i n 
i^2° and K, ° by f i t t i n g coefficients theoretical expressions involving 
terms of the anisotropy constants by d i f f e r e n t i a t i n g the appropriate 
expressions for magnetocrystalline anisotropy energy. Thus for a hexagonal 
c r y s t a l , from equation (3.3), 
E = K Sin 29 + K-Sin 46 + K 0Sin 69 + K.Sin69Cos60 (5.1) a 1 2 3 4 
If the specimen i s cut with a 'c' axis i n the plane of the disc then the 
torque exerted on the crystal by the f i e l d i s , since 0 i s a constant, 
bE 
L = = 21^8^6008 9 + 4K 2Sin 6Cos8 + 6(K 3 + K4Cos60)Sin 9Cos9 
(5.2) 
Following Corner et a l (1962) 
K 3 + K4Cos60 = K3' (5.3) 
so that 
K 3K ' 
L = (K x + K 2 + H K 3')Sin29 - (~- + - ~ - ) s i n 4 9 + |g K3'Sin60 (5.4) 
Fourier analysis of the curve allows a determination of the coefficients 
of sin26, sin49 and sin69 and hence of and K^ . To determine K 3 i t i s 
necessary to know and 0. 0 can be determined from X-ray photographs 
or i t can be arranged to cut the crystal so that i t s plane contains the 
"a" axis, thus making 0 a 0°. can be determined from similar 
measurements on another specimen cut so that i t s major axes are p a r a l l e l 
to the basal plane of the c r y s t a l . Since i n this case 0 = 90° the 
anisotropy energy i s 
E - K. + K„ + K, + K.cos60 (5.5) a i L J 4 
and the torque i s 
•+£>E 
L » •= -6K.Si.n60 (5.6) 
50 * 
Figure 5.1 To i l l u s t r a t e I» E 
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In general the torque curve obtained w i l l s t i l l have other periodic 
components due to misalignments and Fourier analysis i s s t i l l needed to 
give a value for K^ . The coefficients H, ^  of equation (3.7) can be found 
as linear combinations of the coefficients K . rL^ i s i d e n t i c a l with K.. 
n v6 4 
Birss and Wallis (1964) pointed out the importance of c l a r i t y on the 
bE A 
sign of i n obtaining expressions for the torque and suggested that 
b0 
f a i l u r e to observe t h i s point caused disagreements about the sign of 
for n i c k e l . Here the positive derivative of E i s used since i t i s the 
r a 
torque exerted on the cry s t a l by the f i e l d which i s considered. Corner 
et a l (1962) use the negative derivative of E but clearly specify that 
they mean the counter-torque provided to keep the specimen from rotating 
i n the applied f i e l d . I n Figure 5.1 representing a basal plane crystal 
disc, the applied f i e l d |i,QH has moved the magnetisation vector away from 
the easy axis, here taken to be the "a" axis, i n the direction of 
increasing 0. The energy E & i s increased and the crystal experiences 
a torque tending to reduce the angle 0 and hence the energy. This torque 
tends to rotate the crystal i n the positive, anticlockwise direction. 
IL can be clearly seen i n t h i s situation that 60, 6E and the torque L 
are a l l positive so that 
6E 
L - + - » 
60 
The torques exerted on the crystal have been measured i n a variety of ways, 
( i ) By the torsional s t r a i n produced i n the suspension wire. 
For s t a b i l i t y a s t i f f suspension i s needed (see Section 6.5) and 
several workers have used a f l e x i b l e cage to replace the wire. 
This reduces the s e n s i t i v i t y enormously and methods to measure 
the d i s t o r t i o n of the cage include 
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1) the use of s t r a i n gauges (Tajima 1971), 
2) the use of a variable transformer, one c o i l being fixed and 
the other attached to the lower end of the cage and hence the 
rod carrying the specimen (Aldenkamp et al 1960). The varying 
output from the secondary of the transformer i s amplified and 
i s almost d i r e c t l y proportional to the torque on the cage, 
3) the use of a variable capacitor, one plate being connected to 
the upper end of the cage and one end to the lower. The 
capacitor i s connected to a stable o s c i l l a t o r and the variations 
i n frequency are used to indicate torque i n the suspension. 
(Alberts et a l . , 1971). 
( i i ) By applying a counter-torque to the crystal to prevent i t from 
r o t a t i n g . Deviation of the specimen from i t s position causes a 
spot of l i g h t to a l t e r the output from photoelectric c e l l s . 
This output controls the counter-torque which may be applied 
i n a variety of ways. The output may be a n p l i f i e d and passed 
through a c o i l fixed to the crystal holder and suspended between 
the poles of a second magnet (Penoyer 1959, Corner et al 1962). 
The magnitude of t h i s counter-torque current i s then proportional 
to the torque experienced by the crystal i n the f i e l d . Rhyne and 
Clarke (1967) placed the specimen inside the counter torque 
c o i l and placed both i n the main f i e l d . Barron et al (1970) used 
a similar sensor to control a motor which twisted the wire 
suspension to apply a counter torque, the size of which was 
indicated by the output of a potentiometer attached to the drive 
spindle of the motor. 
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5.3 Anisotropy Studies using Ferromagnetic Resonance 
When a steady magnetic f i e l d i s applied to a ferromagnetic material 
the individual atomic moments tend to precess about th e i r equilibrium 
position. This precession i s coherent because of the strong exchange 
forces and the motion can be viewed as a uniform precession of the whole 
magnetic moment about the direction of the applied magnetic f i e l d . This 
precessional movement can be regarded as a section of a spin wave of 
wavelength far exceeding the dimensions of the specimen so that the angle 
between one spin and the next i s p r a c t i c a l l y zero. 
The angular frequency of a spin wave of wave vector £ i s usually 
denoted ou(q) and the quantum of energy associated with i t i s "hcuCq) where 
"ft = — . The quantum of energy i n the uniform or normal mode of 
precession i s therefore denoted by fiu)(0). The graph of tituCq) versus q 
for a given temperature and direction i n a material represents the magnon 
disperson r e l a t i o n and the intercept on the q = 0 axis gives the value of 
fiu)(0). This i s therefore also referred to as the spin-wave or magnon 
energy gap i n the long wavelength l i m i t . I t i s possible by semi-classical 
arguments to calculate the normal mode frequency i n certain special cases. 
Thus for hexagonal crystals where the easy direction i s i n the basal 
plane and the applied f i e l d and magnetisation are p a r a l l e l to the hard 
direction i n the basal plane, the normal mode quantum energy i s 
36K 
M s '°(
NDa " V1 FB i / s j L o 
6K, 2K 
M M s s 
*tu(0) = gm. N. Db, 
% 
U N N Db o\ Dc (5.7) 
B i s the applied f i e l d . N , N. Db' N n are demagnetising factors 
Resonant 
frequency/GHz 
150 
100 -
50 -
10 GHz 
B,/Testa 
Figure 5.2 Typical Variation of the Normal Mode Frequency with 
Applied F i e l d f o r hep specimens having t h e i r easy 
axis i n the "basal plane and the applied f i e l d p a r a l l e l 
to a hard axis i n the basal plane. 
At the point marked "a" B 5 6 % 
1L 
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p a r a l l e l to the a, b and c axes, the quantity i n curly braces representing 
a geometric mean of ef f e c t i v e f i e l d s i n the basal plane and the plane 
containing the "c" and "b" axes. Expressions corresponding to equation 
(5.7) for d i f f e r e n t orientations of the applied f i e l d are given by 
Bagguley and Liesegang (1967). Expressions for cubic crystals are given 
i n Vonsovskii (1964), Morrish (1965) and other texts. 
In the usual experimental arrangements the crystal specimen i s cut so 
as to make the demagnetising factors easily calculable, (or equal, i n 
which case they cancel). The specimen is mounted i n a resonant cavity 
which i s supported between the poles of an electromagnet so that the D.C. 
and radio frequency magnetic f i e l d s are mutually perpendicular. Microwaves 
of fixed frequency are fed to the cavity and as the D.C. magnetic fxeld i s 
altered, dips i n the reflected or transmitted microwave amplitude indicate 
that the normal mode frequency i s equal to that of the microv/aves. 
Information concerning the anisotropy constants can be obtained. For the 
case represented by equation (5.7) Figure 5.2 shows schematically the 
relationship between resonant frequency and applied f i e l d where N^a - N^. 
A t y p i c a l microwave frequency (10 GHz) is indicated. Two resonances are 
36K, 
observed at values of applied f i e l d close to the value — — where the 
' s 
resonance frequency f a l l s to zero. A complete system using a klystron to 
generate the microwaves i s described by Tannenwald (1955). Kyllonen and 
Mamasse (1972) describe an inexpensive and extremely convenient 
arrangement where the microwaves are generated by a Gunn diode mounted i n 
the resonant cavity. The tuning of the cavity i s not c r i t i c a l and the 
Dewar vessel with a narrow neck containing coolant and specimen can be 
inserted i n t o the cavity and rotated conveniently. Reflected amplitudes 
are observed using a crystal detector connected to the resonant cavity 
v i a a dire c t i o n a l coupling. 
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This method, l i k e that following (section 5.4) presents d i f f i c u l t i e s 
both i n experimentation and interpretation of results. Thus apparent 
resonances may be due to changes i n r e s i s t i v e losses. Resonances obtained 
3 
at low frequencies (~ 10GHz i n t h i s work) may disappear at high 
frequencies (~ 100 GHz) due to changes from free to "frozen" l a t t i c e •—. 
behaviour (Hart and Stanford 1971, Vigren and Liu 1971, 1972). At the 
higher frequencies the strains i n the l a t t i c e cannot follow the magnetisation 
vector and remain at t h e i r equilibrium value. This introduces terms 
representing the magnetoelastic energy into expressions for the uniform 
mode resonance frequency, which consequently does not f a l l to zero when 
36K 
B 0 = ———, and may not f a l l far enough to give resonance with the radio 
s 
frequency f i e l d applied. 
Values of (= K ^ ) obtained by f i t t i n g theoretical expressions 
for the temperature v a r i a t i o n of the resonance frequency to experimental 
results for Dysprosium and Terbium (Marsh and Sievers 1969) were much 
higher than those obtained i n magnetisation and torque methods. This and 
other discrepancies can be due to d i f f i c u l t i e s i n deriving the theoretical 
expressions and i n correctly i d e n t i f y i n g the microscopic parameters with 
the measured anisotropy coefficients. Thus Egami (1972) attributes 
differences between s t a t i c and dynamic results for for Dysprosium to 
neglect of the zero point energy introduced by e l l i p t i c i t y of the spin 
precession caused by the high anisotropy. 
The method i s exceedingly valuable for the l i g h t i t throws on 
microscopic processes by comparison of i t s results with those from s t a t i c 
measurements. 
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5.4 Anisotropy Studies using I n e l a s t i c Neutron Scattering 
Spin waves of f i n i t e wavelength (q > 0) are excited i n the crystal 
studied by bombardment with monoenergetic neutrons. Using a crystal 
spectrometer, the wave vectors k n and k„ of the incident and scattered 
neutrons are determined. The wave vector of the excited spin wave i s 
where T i s a reciprocal l a t t i c e vector. The energy transferred to the 
Maxima i n i n t e n s i t y of scattered neutrons give conjugate pairs of 
values of feco(q) and q from which the magnon disperson r e l a t i o n can be 
plotted. Extrapolation to q = 0 gives the value ftoo(0) for which 
expressions are known involving the anisotropy constants. Values of 
tico(0) may be obtained with applied f i e l d s along various crystallographic 
directions and at various temperatures. This method can only be used 
with materials having low capture cross section for thermal neutrons. 
Terbium can be investigated t h i s way and Nielsen et al (1970) were able 
to show for Tb-Ho 10% all o y , that the variation of "nu)(0) with applied 
f i e l d and temperature could only be explained i f the basal plane 
anisotropy arose from hexagonally symmetrical second order magneto-
s t r i c t i o n effects. 
5.5 Other Methods of Measuring Anisotropy Energy 
Rhyne and Clarke (1967) have calculated the basal plane anisotropy 
coef f i c i e n t for Dysprosium and Terbium from the departures of the 
moment vector from parallelism with the applied f i e l d as detected by 
maguetostrictive s t r a i n . Other methods include the remanent torque 
1 
(5.8) 
spin wave i s 'nto(q) - h (k k„ ) 
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magnetometer and torsion pendulum, described by Z j i l s t r a (1967, page 
195 et seq). They may be of very high s e n s i t i v i t y (Collette 1962) 
but have l i m i t e d application. 
5.6 Choice of Method of Determining Anisotropy Constants 
The most convenient of the methods described i s that using the torque 
magnetometer with counter-torque feedback. Measurements are direct, and 
wit h automatic recording are rapid. The instrument can be adapted for use 
over a wide range of temperatures and magnetic f i e l d s and the s e n s i t i v i t y 
can be altered conveniently over several orders of magnitude to suit 
d i f f e r e n t materials. The method does not give much information i n addition 
to the actual anisotropy energy but i t may give chis with considerable 
precision, p a r t i c u l a r l y when a torque curve i s dominated by one component 
as i n measurements on basal plane specimens of hexagonal crystals. 
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CHATTER 6 
THE APPARATUS 
6.1 General Description and Principles of Operation 
The pr i n c i p a l moving parts of the torque magnetometer are shown i n 
Figure 6.1. The single c r y s t a l specimen, with i t s major axes horizontal, 
i s mounted on a specimen holder of t u f n o l . This plugs in t o a t u f n o l 
socket which i s connected r i g i d l y by a shorb threaded brass rod bo the 
lower end of a stainless steel tube, 0.6 m long and 5mm i n diameter, the 
upper end of which i s fastened to the counter-torque c o i l . This c o i l i s 
wound with 150 turns of 30 s.w.g. enamelled wire and moves i n the r a d i a l 
f i e l d of a large galvanometer magnet. 
The whole torque magnetometer movement i s suspended by taut 
beryllium-copper wires, 0.01 inches i n diameter, so that nt i s free to 
rotate about a v e r t i c a l axis. The leads from a copper-constantan thermo-
couple pass up the stainless steel suspension tube to a tag board j u s t 
above the counter-torque c o i l . Prom there they pass to vacuum lead-through 
pins i n the case by means of f l e x i b l e f l y i n g leads. Similar connections 
carry current to the counter-torque c o i l , a l l the f l y i n g leads being 
arranged so as to place minimum constraint on the movement. 
A cross section of the case i s shown i n Figure 6.2. The lower 
support tube carries the anchorage f o r the lower suspension wire and 
a heating c o i l . The end of th i s tube i s covered by a brass cap which 
screws down onto a neoprene "0" r i n g . Similarly the cover over the 
top suspension and a l l other j o i n t s i n the case are sealed with 
neoprene gaskets so that the apparatus can be evacuated before cooling 
to l i q u i d nitrogen temperatures. The l i q u i d nitrogen i s contained i n 
a Dewar vessel which i s suspended from the same framework which supports 
the magnetometer case. Further deta i l s of bho construction of the 
A - Amplifier 
B - Plane mirror 
C - Counter-torque c o i l 
D - Crystal specimen 
E - Electromagnet 
F - Slride wire over transparent 
i n s u l a t i o n on magnet scale 
G - Sliding contact 
H - Rails on which magnet moves 
J - Fixed res i s t o r ( 220 ohms) 
K - 2 v o l t accumulator 
L - X-Y recorder 
M - Warning meters 
PT1,PT2 - Phototransistors 
S - Light source 
T - Illuminated s l i t 
TJ - Lens, forming image 
of T on PT1 and PT2 
Figure 6.5 The Torque Magnetometer: Prinoiples of Operacion, 
77 
apparatus are given i n sections 6.3 (page 79) and 6.4 (page 85) which 
are concerned with the setting up and use of the magnetometer. 
- Figure 6.5 i s a "block diagram i l l u s t r a t i n g the principles of 
4 
operation of the apparatus. I t i s arranged so that the crystal specimen 
i s midway between the f l a t pole faces' of an electromagnet i n a uniform 
horizontal magnetic f i e l d . Light from a small projector lamp i s reflected 
from the plane mirror, which i s fastened to the movement j u s t above the 
counter-torque c o i l , and f a l l s on two phototransistors PT1 and PT2» 
These are connected i n a long-tailed-pair amplifier i n such a way that 
the output current i s zero when they are equally illuminated and increases 
as one receives more l i g h t than the other, the direc t i o n of the Gurrent 
output and the connection to the counter-torque c o i l being such that the 
current tends to restore the movement to i t s central position. 
I f the specimen i n bhe f i e l d experiences any torque, the movement 
rotates s l i g h t l y and the current output from the amplifier increases u n t i l 
the r o t a t i o n i s arrested. Damping i s provided by means of a bent s t r i p 
of copper fastened to the movement and having i t s ends immersed i n a 
trough of o i l . 
I f the torque on the c r y s t a l exceeds the maximum counter-torque 
available then the spot of l i g h t may be moved past the phobotransistors 
and the movement w i l l then be twisted v i o l e n t l y and may be damaged. Two 
warning meters were therefore included i n the amplifier. When the citrrent 
3 s near zero i n one meter, t h i s indicates that bhe counter-torque 
current i s near to i t s maximum value. 
The torque produced by the counter-torque c o i l i s proportional to 
the current through i t and hence to the potential difference across i t . 
This P.D. i s recorded as the Y deflection on an XY recorder. The X 
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deflection of the pen recorder i s controlled by a P.D. derived from a 
slide wire on the base of the electromagnet. This magnet rotates about 
the same v e r t i c a l axis as the c r y s t a l holder. Rotating the electromagnet 
slowly therefore produces automatically a graph of the counter-torque 
or the torque experienced by the specimen versus the angle between the 
m agnetic f i e l d and some ar b i t r a r y direction i n the plane of the crystal 
disc. With suitable c a l i b r a t i o n the absolute values of the torques may 
be found and the anisotropy constants deduced. The electromagnet i s 
mounted on r a i l s and can be moved to one side to f a c i l i t a t e setting up 
the apparatus. The framework carrying the magnetometer i s screwed to the 
fl o o r and the lamp and phototransistors are carried by an angle iron 
tower, also bolted to the floor of the laboratory. 
I n p r i n c i p l e the apparatus i s the same as that described by Penoyer 
(1950) but with important modifications introduced by Roe (1961) and 
Bly (1967). The main parts of the apparatus were already constructed and 
were as used by Bly. The following items are modifications made for the 
present investigation. 
(a) The use of the XY recorder and the potentiometer system on the 
base of the magnet. 
(b) The use of phototransistors instead of photoresistors to speed 
the response of the feedback system and so increase s t a b i l i t y . 
(c) The use of gauges and a sighting device to set up and orientate 
the specimen. 
(d) The use of lenses and plane windows and mirrors to allow more 
e f f i c i e n t l i g h t transmission to the phototransistors. 
(e) Modifications to the c i r c u i t of the amplifier to increase the 
counter-torque current available. 
( f ) The construction of a top suspension with two orthogonal screw 
adjustments. 
(g) The use of a transistor to s t a b i l i s e the heating current. 
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6.2 The Crystal Specimens 
Table 6.1 
Material Diameter +0.005 cm 
Thickness 
+0.002 cm Shape 
Mass 
+0.5 mg 
Density 
Terbium 0.492 cm 0.054 cm disc 51 mg 8.272 
T b0.89 S G0.11 0.497 cm 0.116 cm disc 90 mg 7.85 
T b0.825 S c0.175 0.524 cm 0.064 cm disc 100.5 mg 7.64 
T b0.695 S c0.305 0.515 cm 0.103 cm disc 153 mg 7.07 
Dysprosium 0.493 cm 0.0605 cm e l l i p s o i d 51 mg 8.536 
The experiments were carried out on f i v e single crystal specimens, 
a l l having the "c" axis p a r a l l e l to the short axis of the specimen. 
Dimensions are given i n Table 6.1. The Dysprosium and Terbium specimens 
were the same as those used by Bly et al (19,68) and the Terbium-Scandium 
alloy specimens were those used by Chatterjee (1972). 
6.3 Setting up the Apparatus 
6.3.1. Etching and Mounting the Crystal Specimens 
The crystals were etched for one or two seconds i n the 
following mixture of acids. 
Lactic acid 20 ml 
Phosphoric acid 5 ml 
Acetic acid 10 ml 
Cone. N i t r i c acid 15 ml 
Cone. Sulphuric acid 1 ml 
NOT TO SCALE 
B 
\ 4 
H 
30cn 
A - Top edge of X-ray f i l m holder. I n c l i n a t i o n checked with a 
s p i r i t l e v e l . ( Normally horizontal ) 
B - Path of incident X-ray beam 
C - Crystal specimen 
D - Slot i n gauge to accommodate the specimen holder 
E - Plane mirror inset dnto specimen holder 
F - Brass rod screwed i n t o specimen holder i n place of the 
lower suspension ligament and supported i n the socket f o r 
the collimator tube of a second f i l m holder ( not shown ) 
G - Sighting s l i t 
H - S p i r i t l e v e l used to set the gauge p a r a l l e l to the edge of 
the X-ray f i l m 
X - The i n c l i n a t i o n of the 'b' axis of the c r y s t a l to one edge 
the f i l m , measured a f t e r developing the f i l m and i d e n t i f i c a t i o n 
of the axes 
Figure 6.4 Orientation of the sp'jciacn on i t s holder 
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They were then washed i n water free acetone, allowed to dry, weighed and 
mounted on the ends of specimen holders using four strip s of sellotape 
approximately 2mm by 15 mm bound with a similar s t r i p as a collar. This 
technique has been found to provide a firm attachment which i s immune to 
thermal cycling. Curves obtained from specimens which are attached i n 
t h i s way do not show the distortions which appear when using adhesives 
to f i x the c r y s t a l . These distortions are attributed to strains produced 
i n the crystal by d i f f e r e n t i a l thermal expansion. 
The orientation of the crystals on the holder was determined using 
the Laue back r e f l e c t i o n technique. With the crystals at 3cm from the 
f i l m , an exposure time of 1.5 hours was adequate using a cobalt anode 
without a f i l t e r and a current of 10 mA at 30 kV. The axes were 
i d e n t i f i e d by comparing the films with standard (0001) projections for 
hep crystals. The specimen holder has a small piece of plane mirror 
l e t into i t s side for purposes of alignment. The plane of the mirror 
can be set accurately perpendicular to the axis of a combined gauge and 
sight (Figure 6.4-) by looking through the s l i t and rotating the specimen 
holder u n t i l the image of the s l i t appears i n the centre of the plane 
mirror. The gauge was clamped on the X-ray set and i t s axis made 
p a r a l l e l to one edge of the f i l m holder using a s p i r i t l evel. The 
specimen holder was screwed onto a threaded brass rod which f i t t e d the 
aperture i n a second spare Laue camera. This method kept the crystal 
accurately on the axis of the X-ray bean and allowed i t to rotate u n t i l 
the mirror was perpendicular to the axis of the gauge. Measurements on 
the f i l m gave the angle between one of the "b" axes and the normal to 
the mirror w i t h i n 1/3 of a degree. 
The centre of the pattern on the exposed f i l m was In a l l cases 
close to the geometrical centre of the fiJm. The "c" axis of the 
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crystals was estimated to be w i t h i n 3 to 5 degrees of the axis of the 
specimen holder i n a l l cases. 
6.3.2. Orientation of the crystals i n the magnetometer 
The specimen holder i s a push f i t i n the tufnol socket 
attached to the stainless steel tube (Figure 6.1). The grub screw i n 
the specimen holder slides i n t o a sl o t i n the socket and thi s was intended 
to provide precise location of the specimen. No great reliance was 
placed on t h i s arrangement however and the specimen was not moved after 
the o r i e n t a t i o n had been performed. Since the movement i s under tension 
from the suspension, i t i s necessary to screw up the locating grub screw 
very gently u n t i l i t grips the back of the socket. 
A heavy brass disc i s screwed int o the bottom of the specimen holder 
i n place of the suspension wire to load the movement so that i t hangs 
v e r t i c a l l y from the upper suspension. The bolts holding the torque-
magnetometer to i t s frame are slackened and i t i s moved u n t i l the 
specimen holder i s midway between the pole faces of the electromagnet. 
This adjustment i s aided by the use of the gauge which i s a gentle push 
f i t between the magnet poles and has a central slot wide enough to 
accommodate the specimen holder with a millimetre clearance on each side. 
This adjustment i s made with the magnet pole faces p a r a l l e l to the r a i l s 
on which i t runs. At the same time the main plate carrying the magneto-
meter i s checked with a s p i r i t level and made horizontal i f necessary by 
the use of shims under the corner bolts. After removing the gauge 
temporarily as a precaution, the magnet i s turned through 90° and moved 
on i t s r a i l s u n t i l the pole faces are again equidistant from the specimen 
holder. Clamps are then placed on the r a i l s to mark t h i s position. 
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Only one clamp i s removed when i t i s necessary t o move the magnet to 
i n s e r t the Dewar vessel; the c o r r e c t p o s i t i o n of the magnet i s then 
e a s i l y found w i t h the other. 
The movement i s turned by hand u n t i l the r e f l e c t e d spot of l i g h t i s 
seen t o f a l l e q u a l l y across the two lenses i n f r o n t of the p h o t o t r a n s i s t o r s . 
Without d i s t u r b i n g the movement, the magnet i s r o t a t e d u n t i l the image 
of the s l i t on the s i g h t appears i n the centre of the m i r r o r on the 
specimen holder when viewed through the s l i t . The magnet scale i s read 
at t h i s p o i n t and i t i s then known t h a t the pole faces and the normal 
to the m i r r o r are p a r a l l e l . With a small lamp t o i l l u m i n a t e the s l i t , 
t h i s s e t t i n g i s p a r t i c u l a r l y easy and can be repeated w i t h i n \ of a 
degree. Figure 6.5 i l l u s t r a t e s the procedure. I f the reading on the 
scale i s j° and the angle between the m i r r o r normal and a "b" axis i s 
x°, then an a n t i c l o c k w i s e r o t a t i o n of the magnet by x° to (y-x)°makes 
the pole faces p a r a l l e l t o one "b" a x i s . The f i e l d l i n e s are then 
p a r a l l e l t o an "a" a x i s . I t i s thus possible to determine q u i c k l y the 
angle between the f l u x l i n e s and the c r y s t a l axes w i t h a probable e r r o r 
of less than 1°. Later i t was found t h a t the zero of the sin6Q 
component o f the torque curves occurred w i t h i n one or two degrees of the 
p o s i t i o n of a c r y s t a l axis as determined above. 
6.3.3. Replacement and adjustment of the suspension 
The heavy brass disc i s removed from the bottom of the 
movement and i s replaced by the lower suspension w i r e . The brass slug 
on the lower end of t h i s w i r e i s fastened t o a piece of f i n e w i r e which 
i s threaded through the small hole* i n the support tube t o help i n p u l l i n g 
i t down when the tube i s replaced. This tube i s pushed back i n p o s i t i o n 
Zero adjustment 
Tension adjustmen 
Tension s p r i n g 
Locating hole in'A 
diameter 0.013" 
Suspension w i r e 
diameter 0.01" 
Brass supporting -
frame 
SCALE 
Plate A s l i d e s on p l a t e B, r o t a t i n g about the 
p i v o t P i and being moved by the screw S i . 
Pla t e B p i v o t s about P2 and i s moved by S2. 
Holes of diameter f " d r i l l e d i n p l a t e s B & C 
and the supporting frame a l l o w the suspension 
w i r e a range of movement of ± 5 mm from i t s 
c e n t r a l p o s i t i o n . 
Figure 6.6 The Upper Suspension 
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against i t s "0" r i n g and the three screws which secure i t are tightened 
g e n t l y i n t u r n u n t i l the tube i s c e n t r a l l y placed between the poles of 
the electromagnet. T i g h t e n i n g one screw excessively w i l l p u l l the tube and 
the specimen away from the centre of the f i e l d . To a s s i s t i n t h i s 
adjustment another gauge was made, s i m i l a r t o the f i r s t but having a 
s l o t wide enough t o accommodate the support tube. The three screws are 
adjusted u n t i l the tube remains c e n t r a l i n the s l i t i n the gauge w h i l e the 
magnet i s r o t a t e d . 
The t e n s i o n i n g nut on the top suspension (Fig.6.6) i s screwed down 
u n t i l the s p r i n g i s about h a l f o f i t s uncompressed h e i g h t . I n t h i s 
p o s i t i o n the upper suspension p u l I s the counter-torque c o i l against the 
lower edge of the s o f t i r o n c y l i n d e r i n the galvanometer magnet. The 
brass s l u g on the lower suspension i s then p u l l e d down by means of the 
attached w i r e u n t i l the top edge o f the c o i l touches the top of the s o f t 
i r o n c y l i n d e r . I t i s then allowed t o r i s e 2 mm and fastened w i t h the 
grub screws i n the lower end o f the support tube. The v e r t i c a l 
adjustment i s f a c i l i t a t e d by p l a c i n g a small piece of p l a s t i c , 2 mm i n 
thickness and having a small s l o t , around the brass slug and g r i p p i n g 
the l a t t e r close t o the p l a s t i c w i t h a pair of p l i e r s . Removing the 
p l a s t i c and moving the p l i e r s i n t o contact w i t h the case makes the 
adjustment a u t o m a t i c a l l y . The counter-torque c o i l should then clear the 
s o f t i i o n c y l i n d e r by approximately 2 mm at both top and bottom edges. 
The f i n e w i r e i s then removed and the brass cap which makes the lower 
end of the suspension a i r t i g h t i s screwed down f i r m l y onto i t s "0" r i n g . 
The h e a t i n g c o i l i s covered w i t h i t s s t a i n l e s s s t e e l sheath and connected 
to the c o n t r o l c i r c u i t . 
1£ t h ere i s any damping o i l i n the trough i t i s removed so t h a t the 
magnetometer movement can swing'/without damping. The a m p l i f i e r i s 
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switched on and the upper suspension i s t w i s t e d u n t i l the spot of l i g h t 
f a l l s across the p h o t o t r a n s i s t o r s . The movement should then s t a r t to 
o s c i l l a t e f r e e l y . I f i t does not , then the a d j u s t i n g screws on the upper 
suspension are moved u n t i l i t does. Then the range of t r a v e l of each 
screw i s explored i n t u r n and each i s set half-way between the two 
p o s i t i o n s when the movement j u s t begins t o s t i c k . Since the two 
a d j u s t i n g screws are a t r i g h t angles, they act independently and the 
movement i s centred by 2 adjustments only. The top suspension w i r e passes 
through a hole 0.013 inch i n diameter and i s the r e f o r e p r e c i s e l y located. 
U n t i l t h i s form o f suspension was made, great d i f f i c u l t y was experienced 
i n making the c o i l move f r e e l y even f o r a short s e i i e s of readings. 
The upper suspension ligament can be t w i s t e d without d i s t u r b i n g the 
c e n t r i n g adjustment. This makes i t p o s s i b l e , at t h i s stage i n s e t t i n g up, 
to switch o f f the a m p l i f i e r and r o t a t e the movement t i l l the spot of l i g h t 
i s c e n t r a l l y placed on the p h o t o c e l l s . I f t h i s i s not done, the counter-
torque c u r r e n t has an a d d i t i o n a l steady component even i n the absence of 
any torque on the c r y s t a l s . 
The damping o i l ( S h e l l Spirax E.P. 140) i s replaced i n the trough and 
the r e f l e c t e d spot of l i g h t s e t t l e s down f i r m l y and c e n t r a l l y on the two 
p h o t o t r a n s i s t o r s . The brass cover i s replaced on i t s "0" r i n g w i t h a 
t w i s t i n g motion and the apparatus i s evacuated and i s then ready f o r use. 
The damping o i l i s s t o r e d i n an evacuated vessel. Otherwise outgassing 
under vacuum causes bubbles t o form i n the trough. These cause s t i c k i n g 
and, i n b u r s t i n g may introduce d r i b b l e s of o i l i n t o the centre of the 
magnetometer. 
+24 Volts lab. supply 
500n 500n. 
15W 15W 
500a 
10 w 
3 
7n. heating coil 
2N3055 
mounted on a 
heat sink 
Figure 6.7 Heating Current Control C i r c u i t 
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6.4 F u r t h e r D e t a i l s of the Apparatus and i t s Use 
6.4.1. Temperature c o n t r o l and measurement 
Experiments were c a r r i e d out i n the temperature range 77 to 190K 
and f o r t h i s range the method used by P.H. Bly was found to be very 
s a t i s f a c t o r y . The support tube i s immersed i n l i q u i d n i t r o g e n and temperatures 
above 77K are obtained by passing a c u r r e n t through a heating c o i l of Kanthal 
w i r e wound on a layer of Sellotape on the s t a i n l e s s s t e e l support tube at the 
l e v e l o f the specimen. This w i r e i s i n s u l a t e d w i t h a f u r t h e r layer of 
S e l l o t a p e and covered w i t h a s t a i n l e s s s t e e l sheath. The resistance of the 
c o i l i s 7 ohms and a c u r r e n t of about 1.25 amperes from a t r a n s i s t o r i s e d 
potentiometer (Fig.6.7) was needed t o r a i s e the temperature of the specimen 
t o about 190K. At higher temperatures the b o i l i n g of the n i t r o g e n occasionally 
caused waves to appear i n the recorded torque curves but these were of uniform 
amplitude and could e a s i l y be allowed f o r i n t a k i n g readings from the graphs. 
The Lima t o reach thermal e q u i l i b r i u m was u s u a l l y about 10 t o 15 minutes and 
temperatures were then measured w i t h a copper-constantan thermocouple, the 
reference j u n c t i o n being kept i n l i q u i d n i t r o g e n . The thermoelectric 
e.m.f.'s were measured on a Pye p o r t a b l e potentiometer. I t was possible t o 
read the potentiometer t o w i t h i n 0.01 mV (corresponding t o 0.5K at the lower 
temperatures). Measurement o f the thermal e.m.f. at three f i x e d temperatures, 
( b o i l i n g n i t r o g e n , m e l t i n g acetone and m e l t i n g i c e ) gave agreement, w i t h i n 
these l i m i t s , w i t h the c a l i b r a t i o n t a b l e used. Temperatures are t h e r e f o r e 
assumed to be w i t h i n IK of the measured value. Because o f the need to 
remove the movement from the apparatus, the thermocouple leads were not 
continuous as f a r as the potentiometer. Connection was by means of a small 
gold p l a t e d plug and socket. Soldered j o i n t s were also discovered i n the 
leads at the vacuum lead-through i n the case and on the tag board on the 
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counter-torque c o i l . D e l i b e r a t e l y introduced temperature d i f f e r e n c e s 
( f o r instance by touching one lead w i t h a screwdriver cooled i n l i q u i d 
n i t r o g e n ) produced v a r i a t i o n s i n the apparent temperature of only 2 to 3K. 
I t was t h e r e f o r e assumed t h a t normal temperature d i f f e r e n c e s would produce 
n e g l i g i b l e e f f e c t s , since the connections were p h y s i c a l l y close together 
and d i s t a n t from any sources o f heat. 
6.4.2. The o p t i c a l system 
The maximum counter-torque a v a i l a b l e i s p r o p o r t i o n a l t o the 
maximum out-of-balance c u r r e n t from the a m p l i f i e r . This i n t u r n depends 
on the i l l u m i n a t i o n of the p h o t o t r a n s i s t o r s . The c y l i n d r i c a l glass dome 
formerly used on the apparatus had the e f f e c t of d i f f u s i n g the l i g h t and 
the galvanometer m i r r o r formerly used was of a very small area. I n 
order to make b e t t e r use of the l i g h t a v a i l a b l e the arrangement shown 
i n f i g u r e 6.8 was used. 
A condenser lens o f 10 cm f o c a l length and 5 cm diameter focuses an 
image of the lamp's f i l a m e n t on the p r o j e c t o r lens (87 cm f o c a l length 
and 3 cm diameter). A s l i t i s placed close t o the condenser lens and 
the p r o j e c t o r lens forms a sharp image of t h i s on the lenses on f r o n t 
o f the p h o t o t r a n s i s t o r s , v i a the plane m i r r o r on the movement and the 
plane window i n the cover of the instrument. The p h o t o t r a n s i s t o r s have 
a very small s e n s i t i v e area and are mounted on adjustable brackets so as 
t o be e x a c t l y at the f o c i of two lenses. Two tubes help t o p r o t e c t 
the p h o t o t r a n s i s t o r s from s t r a y l i g h t but they were found to be 
unnecessary since the p h o t o t r a n s i s t o r s are r e l a t i v e l y i n s e n s i t i v e to 
changes i n the background i l l u m i n a t i o n . The tubes were mounted as c l o s e l y 
as possible but t h i s i s not necessary to r e s t r i c t the r o t a t i o n o f the 
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magnetometer movement since the maximum torque i s obtained when the spot 
of l i g h t moves o f f one p h o t o t r a n s i s t o r completely. The w i d t h of the s l i t 
i n the l i g h t source i s adjusted t i l l the image covers one h a l f of each 
of the p a i r o f lenses L I and L 2 . • 
Since the distance of the p h o t o t r a n s i s t o r s from the moving m i r r o r 
i s about 180 cm and the wi d t h of the lenses i s 2 cm, maximum torque i s 
obtained when the spot moves 1 cm, i . e . when the movement turns through 
an angle of 2 X^180 r a d i a n s > o r O-1^ degrees. Calculations w i t h 
a r t i f i c i a l l y produced displacements i n the torque cuives show t h a t 
r e s u l t s are not s i g n i f i c a n t l y a f f e c t e d by r o t a t i o n s i n the specimen of 
several times t h i s value. I t i s t h e r e f o r e permissible to regard the 
specimen as f i x e d . I n a d d i t i o n , because the r o t a t i o n of the c r y s t a l i s 
so small, torques introduced by t w i s t i n g of the suspension wires and 
connecting leads may be neglected. 
The lamp, which i s an A t l a s T r u f l e c t o r Al/184 (21.5V 150 Watt) i s 
fan cooled and may be dimmed by a rheostat to prolong i t s l i f e when 
maximum torques are not r e q u i r e d . 
6.4.3. The A m p l i f i e r 
The c i r c u i t o f the a m p l i f i e r i s shown i n Figure 6.9. SW1 
i s a double-pole, double-throw type and SW2 i s double-pole, single-throw. 
Both switches are shown i n t h e i r normal p o s i t i o n . Potentiometers Pot 1 
and Pot 2 are set i n i t i a l l y w i t h t h e i r s l i d e r s h a l f way along the tr a c k . 
With the r e f l e c t e d l i g h t from the torque magnetometer f a l l i n g equally on 
both p h o t o t r a n s i s t o r s (which are normalBC109 types opened and f i x e d to 
transparent windows w i t h A r a l d i t e ) both 0C200's and both OC35 t r a n s i s t o r s 
are conducting. The c o l l e c t o r terminals of the OC35's (marked XI and X2) 
are at the same p o t e n t i a l and the current i n the counter-torque c o i l , 
which i s connected between them, Ls zero. 
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I f the l i g h t moves o f f PT1 and onto PT2 then the currents i n TRl and 
TR2 f a l l , w h i l e those i n TR3 and TR4 increase. The p o i n t X2 then becomes 
p o s i t i v e w i t h respect t o , X I and c u r r e n t flows i n the c o i l . This current 
increases w i t h the distance moved by the l i g h t spot and reverses when i t 
moves onto the opposite p h o t o t r a n s i s t o r . I f the l i g h t spot should 
a c c i d e n t a l l y move o f f both p h o t o t r a n s i s t o r s then a l l currents f a l l to zero, 
and, since the apparatus i s sealed, no d i r e c t means e x i s t s of g e t t i n g the 
spot of l i g h t back onto the p h o t o t r a n s i s t o r s . This s i t u a t i o n can 
sometimes be cured by r o t a t i n g the electromagnet. The c r y s t a l u s u a l l y 
sets i t s e l f w i t h an easy d i r e c t i o n of magnetisation p a r a l l e l t o the f i e l d 
and i t f o l l o w s the magnet as i t r o t a t e s . Otherwise, SW2 i s closed 
producing a l a r g e current i n both sides of the c i r c u i t . The p o t e n t i o -
meter Pot 2 i s then adjusted t o unbalance the c i r c u i t and provide a 
cur r e n t i n the c o i l s u f f i c i e n t t o b r i n g the l i g h t back t o a c e n t r a l 
p o s i t i o n . SW2 i s then opened and the spot of l i g h t should remain on 
the p h o t o t r a n s i s t o r s . 
I n p l o t t i n g a torque curve the r e s t o r i n g torque v a r i e s continuously 
and the v a r i a t i o n - o f current i n TR3 and TR4 can be observed on the meters 
Ml and M2. I f i t i s clear t h a t the current i n e i t h e r i s about to f a l l t o 
zero then the switch SW1 i s changed over and the c i r c u i t i s d e l i b e r a t e l y 
unbalanced w i t h potentiometer Pot 1 t o r a i s e the current. This allows 
the measurement of l a r g e r torques than would otherwise be possible. 
The potentiometer Pot 2 can be used to unbalance the c i r c u i t even more. 
This gives output currents up t o 440 mA which produce counter-torques of 
approximately 3.25 Nm. I n normal use such a high current would not flow 
continuously through the counter-torque c o i l . I t was however checked 
t h a t the c o i l could t o l e r a t e t h i s current f o r at l e a s t two minutes w i t h 
o nly s l i g h t r i s e i n temperature. 
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6.4.4. Arrangements f o r Automatic Recording 
To o b t a i n a torque-curve w i t h the apparatus as used by Bly 
i t was necessary t o read currents at 36 poi n t s as the magnet was r o t a t e d 
and a f u r t h e r 36 p o i n t s as i t was r o t a t e d i n the opposite d i r e c t i o n . 
With p r a c t i c e a set o f readings could be obtained i n 15 minutes but the 
tendency o f the magnet t o overheat made readings at the highest f i e l d 
strengths i m p r a c t i c a b l e by t h i s method and i t became imperative to make 
the r e c o r d i n g automatic. The counter-torque current was recorded by 
connecting the te r m i n a l s of the c o i l d i r e c t l y t o the Y terminals of a 
Hewlett-Packard p o t e n t i o m e t r i c recorder (Type 7030A). The recorder 
contains an i n t e r n a l v o l t a g e reference standard and,using a s u i t a b l e 
scale, d e f l e c t i o n s o f the t r a c e can be read o f f d i r e c t l y as p o t e n t i a l 
d i f f e r e n c e s . To re c o r d the angular s e t t i n g of the magnet a potentiometer 
w i r e was s t r e t c h e d over a transparent i n s u l a t i n g s t r i p round the scale 
of degrees on the base of the magnet. One end of t h i s w i r e and a wiping 
contact f i x e d t o the magnet t r o l l e y were connected to the X terminals on 
the recorder. A 2 v o l t c e l l and a 220 ohms resistance were connected i n 
series w i t h the w i r e and a scale chosen so t h a t the recorder pen traversed 
ft* 
nearly Awhole l e n g t h of the paper f o r a 180 degree r o t a t i o n of the magnet. 
This adjustment was kept constant throughout each series of measurements 
but no r e l i a n c e was placed on t h i s . The 0° and 180° p o s i t i o n s o f the magn 
were i n d i c a t e d on each graph by operating the Y set-zero switch on the 
recorder w i t h the magnet i n those p o s i t i o n s . I f the X set-zero switch 
was operated w i t h the Y set-zero switch down and the magnet i n the 
appropriate p o s i t i o n , the recorder would draw i n the h o r i z o n t a l axis on 
each graph. 
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A l i n e a r r e l a t i o n s h i p was found between the angular displacement of 
the magnet and the X d e f l e c t i o n on the recorder. When t h i s had been 
e s t a b l i s h e d angles were read from the graphs by i n t e r p o l a t i o n between the 
0 and 180 degree marks. 
The reading o f the graphs i s described separately. This process 
took almost as much time as the d i r e c t reading of the currents d i d formerly. 
Several advantages were obtained by the automatic recording however. 
I t became p o s s i b l e t o detect r a p i d l y cases where the apparatus was mis-
behaving, overheating of the magnet was avoided and i n the case of the 
Dysprosium specimen i t was p o s s i b l e t o recognise r e g u l a r i t i e s i n the 
behaviour o f the m a t e r i a l a f t e r c o l l e c t i n g l a r g e numbers of torque curves. 
Also temperature s t a b i l i s a t i o n became easier. I t i s unsafe t o analyse 
a series o f numerical r e s u l t s w i t h o u t f i r s t p l o t t i n g them to see i f they 
l i e on a smooth curve of the expected form. The s e l e c t i o n of the next 
working temperature or f i e l d value o f t e n depends on the form of the 
curve j u s t obtained. The labour of p l o t t i n g a l l the curves, i n c l u d i n g 
many t h a t w i l l have t o be r e j e c t e d , i s avoided. The graphs obtained 
were stor e d i n a c e n t r a l l y heated environment u n t i l r e q u i r e d f o r computing. 
6.4.5. The Electromagnet 
The electromagnet i s the same as t h a t described by Bly (1967) 
and o r i g i n a l l y constructed by Roe. Although t h i s magnet had been 
c a l i b r a t e d c a r e f u l l y t h e r e was evidence t h a t the poles had been disturbed 
and a check was made on the c a l i b r a t i o n using two s p e c i a l l y constructed 
search c o i l s and two c a l i b r a t e d Grassot Fluxmeters. Differences of up 
t o 3% were observed from the o r i g i n a l c a l i b r a t i o n . This may however 
i n d i c a t e merely d i f f e r e n c e s i n the instrument used t o measure the current 
through the magnet. For currents under 30 amps a s p e c i a l l y shunted AVO 
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meter was used and f o r currents above t h i s , the p o i n t e r instrument i n the 
c o n t r o l u n i t of the magnet power supply was used. The str e n g t h of the 
ap p l i e d f i e l d could be determined w i t h i n 2% between 0.6T and the maximum 
value. The c a l i b r a t i o n curve i s shown i n Figure 6.10. U n i f o r m i t y of the 
f i e l d was checked using a small H a l l probe. No sensible v a r i a t i o n i n the 
f l u x d ensity could be observed over a distance of approximately 0.75 cm 
from the centre of the space between the poles of the magnet, although the 
pole faces deviated from being p a r a l l e l by approximately k degree. 
The pole faces are c i r c u l a r and 10 cm i n diameter and an average of 
4.770 cm apart. The magnet c o i l s are connected i n series and have a 
res i s t a n c e of 1 ohm. The maximum current supplied by the power u n i t i s 
200 amperes at 200 v o l t s . This i s unsmoothed D.C. r e c t i f i e d from the mains 
supply. The curr e n t i s c o n t r o l l e d by means o f a motorised v a r i a b l e 
transformer feeding the i n p u t t o the P.S.U. The magnet i s cooled by 
means of d i s t i l l e d water pumped from a 40 l i t r e tank through the c o i l s and 
heat exchanger. The heat exchanger i s cooled by running mains water. 
The pressure of the water produced by the c i r c u l a t i n g pump was q u i t e 
capable of blowing out the rubber gaskets on the magnet and to avoid t h i s 
the o u t l e t tap from the magnet was opened f u l l y and the i n l e t tap opened 
only as f a r as necessary t o keep the magnet cool. A s l i g h t e l e c t r i c a l 
leak from one end of the magnet c o i l s to the case makes i t safer to 
observe p o l a r i t y i n connecting the magnet t o the D.C. supply, the negative 
t e r m i n a l of the supply being earthed. 
I t was necessary t o construct a framework t o support the hoses 
c a r r y i n g c o o l i n g water so t h a t the magnet could r o t a t e f r e e l y . The 
r o t a t i o n was s t i l l l i m i t e d t o about 200 degrees. I n o b t a i n i n g torque 
curves the magnet was r o t a t e d continuously from about 15 degrees before 
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the zero of the curve to about 15 degrees beyond the 180 degree mark. 
A n a l y s i s was then c a r r i e d out on readings taken between the 0 and 180 
marks. 
6.5 S t a b i l i t y C o n s i d e r a t i o n s i n the Design of the Magnetometer 
I n a l l torque magnetometers the specimen i s h e l d i n e q u i l i b r i u m by 
opposing the torque due to the magnetic f i e l d by an equal r e s t o r i n g torque, 
and i t i s the r e s t o r i n g torque which i s measured. I n simple instruments 
the r e s t o r i n g torque i s provided by a t o r s i o n w i r e and i s measured by the 
angle of t w i s t i n the w i r e . E q u a l i t y of the torques i s however not a 
s u f f i c i e n t c o n d i t i o n f o r s t a b i l i t y . F.W. H a r r i s o n (1956) has shown from 
energy c o n s i d e r a t i o n s t h a t f o r any s l i g h t r o t a t i o n of the specimen, the 
change i n torque i n the t o r s i o n w i r e must be g r e a t e r than the change 
of torque on the specimen due to i t s changed o r i e n t a t i o n i n the magnetic 
f i e l d . The change i n magnitude of both torques must have the same s i g n . 
I f t h i s c o n d i t i o n i s not met a t some p o s i t i o n of the specimen then no 
measurement can be made. Expressed i n H a r r i s o n ' s symbols 
. „ dL 
da 
Where T i s the t o r s i o n constant of the w i r e , 
V i s the volume of the specimen, 
L i s the torque per u n i t volume of the m a t e r i a l of the 
specimen and 
a i s the angle between the magnetic f l u x l i n e s and some 
d i r e c t i o n f i x e d w i t h i n the specimen. 
F o r c r y s t a l specimens w i t h hexagonal symmetry, i n c e r t a i n circumstances, 
the torque due to the f i e l d may change w i t h r o t a t i o n at a r a t e which, i f 
continued, would b r i n g i t to i t s maximum va l u e a f t e r 5 degrees. A 
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t o r s i o n w i r e suspension must be s t i f f enough i n t h i s case t h e r e f o r e to 
p r o v i d e i t s maximum r e s t o r i n g torque f o r an angle of t w i s t of l e s s than 
5 degrees. The movement of the t o r s i o n head and t h e r e f o r e the s e n s i t i v i t y 
o f the instrument i s s m a l l u n l e s s s p e c i a l methods are used to measure the 
angle of t w i s t i n the suspension. 
I n instruments such as the one used here, the maximum r e s t o r i n g 
torque i s produced by a v e r y small d e f l e c t i o n of the moving p a r t s and the 
feedback mechanism can be regarded as c o n s t i t u t i n g a suspension of very 
high t o r s i o n constant. The c o n d i t i o n s p e c i f i e d by H a r r i s o n i s t h e r e f o r e 
e a s i l y obtained. A more s e r i o u s problem however i s t h a t of the v i o l e n t 
o s c i l l a t i o n s which can occur w i t h t h i s kind of instrument, and which 
r e q u i r e some form of damping. B l y (1967) was forced to f i x double 
paddles moving i n a c l o s e l y f i t t i n g annular trough f i l l e d w ith high 
v i s c o s i t y gear o i l . King e t a l . (1964) used paddles immersed i n a 50/50 
mi x t u r e of p a r a f f i n and l i q u i d p a r a f f i n . C r a f t Donahoe and Love (1955) 
used w i r e s dipping i n t o vacuum o i l . Baron and Hoffman (1970) used eddy 
c u r r e n t damping. However, Roe (1961), apart from a 30 m i c r o f a r a d 
c a p a c i t o r connected a c r o s s the counter-torque c o i l , had no s p e c i a l 
p r o v i s i o n f o r damping and n e i t h e r had Penoyer (1959) or more r e c e n t l y 
W i l l e y e t a l . (1972). Penoyer and W i l l e y used a i r bearings i n t h e i r 
apparatus and both used magnetron magnets w i t h the counter torque c o i l . 
I t may be t h a t some damping was introduced by these means. 
I n t h i s i n v e s t i g a t i o n , the use of c l o s e f i t t i n g paddles was found to 
be most u n s a t i s f a c t o r y . They tended to jam a g a i n s t the s i d e of the 
trough a f t e r the apparatus had been cooled, so t h a t time was wasted i n 
warming up and opening the apparatus totput the f a u l t r i g h t . I n any 
c a s e the damping provided was only b a r e l y adequate. S e v e r a l attempts 
a 
Counter 
torque B 
0 Rotation 
b Counter 
torque B 
0 Rotation 
Figure 6.11 The S t a b i l i t y of a Torque magnetometer. 
To i l l u s t r a t e the argument of page 94 
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were made to damp the o s c i l l a t i o n s e l e c t r o n i c a l l y but without any s u c c e s s . 
M u l t i p l e paddles gave no more damping and made adjustments v i r t u a l l y 
i m p o s s i b l e . 
King e t a l . (1964) mention the importance of f a s t response for 
o b t a i n i n g s t a b l e feedback. The speed of response of t h i s system was 
t h e r e f o r e examined. The system o r i g i n a l l y used Cadmium Sulphide photo-
r e s i s t o r s as the l i g h t s e n s i t i v e elements. Maximum counter-torque was 
only obtained from the a m p l i f i e r when the r e s i s t a r x c e of one c e l l f e l l to 
about 450 ohms and t h a t of the other rose to 10,000 ohms. These 
r e s i s t a n c e s correspond to f u l l i l l u m i n a t i o n and complete darkness 
r e s p e c t i v e l y and the changes were found to take as much as \ of a second 
to complete. T h i s suggested the f o l l o w i n g q u a l i t a t i v e e xplanation for the 
behaviour of the magnetometer. R e f e r r i n g to F i g u r e 6.11a. I f a random 
v i b r a t i o n moves the spot of l i g h t away from the c e n t r a l p o s i t i o n a 
c o u n t e r - t o r que w i l l be developed and the motion w i l l be r e v e r s e d . The 
motion stops a t B when the work done by the counter-torque c u r r e n t on the 
system ( r e p r e s e n t e d by the a r e a OAB) equals the r o t a t i o n a l k i n e t i c energy 
of the o r i g i n a l random motion. At t h i s p o i n t however the counter-torque 
c u r r e n t (AB) i s s t i l l h i g h and, as the movement r e v e r s e s , i t f a l l s only 
to DC because of the slow response of the system. On the r e v e r s e journey 
the movement t h e r e f o r e a c q u i r e s more k i n e t i c energy from the counter-
torque c u r r e n t and makes a much l a r g e r e x c u r s i o n i n the opposite 
d i r e c t i o n . The a r e a OABC r e p r e s e n t s the k i n e t i c energy of the movement 
as i t passes through i t s c e n t r a l p o s i t i o n . I f the damping system i s 
unable to d i s s i p a t e the a d d i t i o n a l energy, represented by OBC, w h i l e 
t u r n i n g through the angle OA then o s c i l l a t i o n s w i l l b u i l d up. I n the 
i d e a l case r e p r e s e n t e d by F i g u r e 6.11(b) the speed of response i s 
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imagined to be v e r y high so t h a t f o r every p o s i t i o n of the magnetometer 
movement t h e r e i s a unique v a l u e of the counter-torque c u r r e n t . The 
a r e a of the loop OBC i s zero, no energy i s s u p p l i e d to the movement from 
the feedback system and damping i s only needed to d i s s i p a t e the k i n e t i c 
energy due to random v i b r a t i o n s of the moving p a r t s . M u l t i p l e , c l o s e l y 
f i t t i n g paddles moving i n v e r y v i s c o u s o i l having proved inadequate 
to d i s s i p a t e the energy a c q u i r e d from the feedback system, i t was r e a l i s e d 
t h a t i n c r e a s e d speed of response would decrease the o r d i n a t e OC i n 
F i g u r e 6.11(a) and hence the energy fed i n t o the system. For t h i s 
r e a s o n p h o t o t r a n s i s t o r s , which have a response time 2 or 3 orders of 
magnitude s m a l l e r than p h o t o r e s i s t o r s ; w e r e used. The feedback mechanism 
then became v e r y much more s t a b l e and s u f f i c i e n t damping was obtained 
from s t r i p s of copper 3 mm wide dipping 8 mm i n t o the heavy o i l . 
The g r e a t e r c l e a r a n c e s i n the trough of o i l allowed a g r e a t e r range 
of movement to the upper suspension and permanent adjustments could be 
made q u i c k l y . I n p r i n c i p l e the same r e s u l t could have been obtained by 
g r e a t l y i n c r e a s i n g the gain of the a m p l i f i e r . T h i s would have g r e a t l y 
added to the c o s t and complexity of the a m p l i f i e r and would have made 
the system extremely s e n s i t i v e to s t r a y l i g h t . 
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CHAPTER 7 
CALIBRATION OF THE MAGNETOMETER 
7.1 C a l i b r a t i o n u s i n g a F l u x Meter 
The magnetometer was f i r s t c a l i b r a t e d by the method described by Roe 
(1961) and by B l y (1967). I n t h i s method a f l u x meter i s connected to 
the counter-torque c o i l and the c o i l i s r o t a t e d s h a r p l y through a small 
angle by pushing the damping vanes between two stops made of p l a s t i c i n e . 
The angle turned i s c a l c u l a t e d from the d e f l e c t i o n of the r e f l e c t e d spot 
of l i g h t on a metre r u l e and t h e d i s t a n c e of the r u l e from the mirror on 
the apparatus. Assuming t h a t the f l u x d e n s i t y i n the gap of the 
galvanometer magnet i s constant over the small angle turned, i t i s 
p o s s i b l e to c a l c u l a t e the product BAn from the r e l a t i o n s h i p 
BAn69 = 5$ 
where B i s the f l u x d e n s i t y i n the magnet gap ( T e s l a ) 
2 
A i s the e f f e c t i v e a r e a of the counter-torque c o i l (m ) 
n i s the number of t u r n s on the c o i l 
66 i s the angle turned Lhrough i n r a d i a n s 
5$ i s the change i n f l u x l i n k a g e s i n d i c a t e d by the fluxmeter (Webers). 
S i n c e the torque produced i n the c o i l by p a s s i n g a c u r r e n t of i amperes 
through i t i s T = BAin (Newton m e t r e s ) , the quantity BAn i s the r e q u i r e d 
c a l i b r a t i o n constant i7i N H I A " " * . S i n c e i n t h i s case torques were 
recorded on an XY r e c o r d e r as p o t e n t i a l d i f f e r e n c e s a c r o s s the counter-
torque c o i l , the method a l s o r e q u i r e d an a c c u r a t e determination of the 
r e s i s t a n c e of the c o i l and i t s leads and a check on the accuracy of the 
XY r e c o r d e r . The r e s i s t a n c e of the c o i l was found to be 
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> 
10.115 + 0.005 ohms a t room temperature (approx. 20°C) 
The XY r e c o r d e r has a v e r y high impedance input and was connected d i r e c t l y 
to a Weston Standard c e l l . The readings on the 1 v o l t per i n c h , 0.5 v o l t 
per i n c h and 0.2 v o l t per i n c h s c a l e s were measured d i r e c t l y and the 0.1 
v o l t per i n c h s c a l e was checked by suppressing the zero on the 
instrument. I n a l l cases the readings agreed w i t h the c e r t i f i c a t e 
accompanying the c e l l , w i t h i n the l i m i t s s e t by the t h i c k n e s s of the 
r e c o r d e r pen t r a c e . The standard c e l l was checked a g a i n s t another which 
was a v a i l a b l e and agreement w i t h i n 10 m i c r o v o l t s was found. F u r t h e r 
s u c c e s s f u l checks were made w i t h a Mallory c e l l but these added nothing 
to the p r e c i s i o n . 
The r e s u l t s f o r the determination of the product BAn are given i n 
T a b l e 7.1. Large numbers of readings are n e c e s s a r y because of the low 
p r e c i s i o n of each r e a d i n g . Three fluxmeters were used and the speed 
and amplitude of the d e f l e c t i o n of the counter-torque were v a r i e d . 
"Slow" i n the t a b l e i n d i c a t e s a change taki n g about 0.75 of a second and 
" f a s t " one made by f l i c k i n g the c o i l r a p i d l y w i t h a p e n c i l and t a k i n g 
perhaps 0.1 to 0.2 of a second. "Small" means a r o t a t i o n of about 3 
degrees w h i l e a " l a r g e " swing i s about 10 degrees. 
I t can be seen from the t a b l e t h a t the r e s u l t s show s e v e r a l 
u n s a t i s f a c t o r y f e a t u r e s . Although there i s reasonable agreement between 
the r e s u l t s from the d i f f e r e n t fluxmeters, mean r e s u l t s f o r d i f f e r e n t 
speeds of r o t a t i o n of the c o i l d i f f e r between themselves by more than one 
standard e r r o r , i n d i c a t i n g the e x i s t e n c e of some damping i n the f l u x -
meter. R e s u l t s f o r d i f f e r e n t angles of r o t a t i o n a l s o d i f f e r between 
themselves, p o s s i b l y because of v a r i a t i o n s i n the f l u x d e n s i t y i n the 
magnet gap. 
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T a b l e 7.1 
C a l i b r a t i o n of Magnetometer by Fluxmeter Method 
Fluxmeter No. of readings 
Type of 
Displacement 
Torque per u n i t current 
BAn NmA-1 
C453832 14 s m a l l , f a s t (6.818 + 0.076) x 10~ 3 
C554228 15 l a r g e , f a s t (7.080 + 0.073) x 10" 3 
17 s m a l l , f a s t (7.160 + 0.065) x 10' 3 
C755103 12 s m a l l , slow (6.23 + 0.142) x 10" 3 
13 s m a l l , f a s t (6.82 + 0.068) x 10" 3 
20 l a r g e , f a s t (7.030 + 0.049) x 10" 3 
7 V. l a r g e , f a s t (7.080 + 0.104) x 10" 3 
7.2 C a l i b r a t i o n s u s i n g a T o r s i o n F i b r e 
A b r a s s w i r e of round c r o s s s e c t i o n , 0.5 mm i n diameter and 0.3m 
long was s o l d e r e d c e n t r a l l y i n t o a b r a s s screw which was then screwed 
i n t o the lower end of the specimen holder i n p l a c e of the normal lower 
suspension. The lower end of the b r a s s w i r e could be t w i s t e d by a 
p r e c i s i o n 30:1 worm d r i v e gear clamped to the t r a c k on which the magnet 
r a n . The upper suspension was f r e e d and ad j u s t e d and the XY recorder s e t 
up as i f f o r r e c o r d i n g a torque curve. The lower end of the br a s s w i r e 
was t w i s t e d i n 12 degree s t e p s , each step being the r e s u l t of turn i n g 
the worm d r i v e through one complete r e v o l u t i o n , and the p o s i t i o n of the 
r e c o r d e r pen on the paper was marked a t each step u s i n g the zeroing 
s w i t c h on the X a m p l i f i e r . The P.D, appearing a c r o s s the counter-torque 
c o i l f o r u n i t angular t w i s t of the w i r e was found from a t o t a l of 20 
readi n g s on four switched ranges of the re c o r d e r . 
1 
P.D./V 
2 
0 
-1 
-2 
[ 1 [ " " I t 1 
, J _•„, 1 I 1 1 » 
36 24 12 0 12 24 36 
Twist/degrees 
Figure 7.1 Calibration: Output versus twist i n cal i b r a t i n g wire 
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The torque constant of the w i r e was then determined by suspending 
from i t an a c c u r a t e l y machined b r a s s c y l i n d e r and measuring i t s period 
of o s c i l l a t i o n about a diameter through i t s centre of g r a v i t y . The 
dimensions of the c y l i n d e r were found w i t h a t r a v e l l i n g microscope and 
the mass w i t h a chemical balance. Timing was done w i t h a stop watch 
c a l i b r a t e d a g a i n s t the G.P.O. speaking clock. R e s u l t s are given i n 
T a b l e 7.2. The l i n e a r i t y of the counter torque system i s i n d i c a t e d i n 
F i g u r e 7.1 which shows the P.D. a c r o s s the counter-torque c o i l p l o t t e d 
a g a i n s t the angle of t w i s t i n the t o r s i o n w i r e . T h i s c a l i b r a t i o n does not 
agree w i t h the f i r s t w i t h i n the l i m i t s of experimental e r r o r and a t h i r d 
method of c a l i b r a t i o n was used. 
T a b l e 7.2 
C a l i b r a t i o n w i t h a Torsion-Wire 
P.D. a c r o s s counter-torque c o i l for 
12 degree t w i s t i n t o r s i o n w i r e 0.3499 + 0-. 0017V 
Length of b r a s s c y l i n d e r - 12.10(275) + 0.001 cm 
Diameter of c y l i n d e r mean = 1.58(775) + 0.001 cm 
Mass of c y l i n d e r = 202.10 + 0.03 gm 
Time of one o s c i l l a t i o n = 2.81(43) + 0.04s 
Torque f o r a P.D. of one v o l t = (0.745 + 0.008) x 10 NmV' -1 
A 
D 
A - F l e x i b l e l e a d s 
B - Lower suspension w i r e 
C - Empty specimen hol d e r 
B r a s s former 
E T e s t c o i l 
B 
F i g u r e 7.2 C a l i b r a t i o n : General Arrangement of the T e s t C o i l 
Magnetometer 
B 1T output / V 
0 
0 0.1 0.2 0.3 OA 0.5 
Test coil current / A 
Figure 7.3 Cali b r a t i o n : Output versus current i n t e s t c o i l 
100. 
7.3 C a l i b r a t i o n u s i n g a Current c a r r y i n g Solenoid of known Dimensions 
A c o i l of 31 t u r n s of 40 s.w.g. wire was wound on a square s e c t i o n 
b r a s s former, d r i l l e d and f i t t e d w i t h a grub screw so t h a t the c o i l could 
be f a s t e n e d to the specimen h o l d e r at the l e v e l normally occupied by the 
specimen as shown i n F i g u r e 7.2. The p r o j e c t i n g end of the b r a s s former 
was of a s s i s t a n c e i n s e t t i n g the plane of the c o i l p a r a l l e l to the 
magnetic f i e l d of the electromagnet. The lower suspension w i r e of the 
magnetometer movement was f a s t e n e d to a heavy supp6rt r e s t i n g on the yoke 
of the electromagnet. To avoid d i r e c t p u l l s on the c o i l due to the e f f e c t 
of the magnetic f i e l d on the c u r r e n t i n the l e a d i n w i r e s , they were 
t w i s t e d together and made as long and f l e x i b l e as p o s s i b l e . 
C urrents between 0.1 and 0.45 amperes were passed through the c o i l 
and measured w i t h a sub-standard ammeter. At the same time a f i e l d of 
about I T was a p p l i e d and the d e f l e c t i o n s of the pen on the XY recorder 
were marked. The q u a n t i t y BAin was found for each v a l u e of c u r r e n t and 
V 
f i e l d , where V i s the P.D. obtained from the pen r e c o r d e r . 
The mean of 15 determinations i s 
(0,7470 + 0,0055) x 1 0 " 3 NmV - 1 
T h i s f i g u r e agrees q u i t e c l o s e l y w i t h that obtained from the use of 
t o r s i o n v/ires. F i g u r e 7.3 shows the P.D. a c r o s s the counter-torque c o i l 
p l o t t e d a g a i n s t c u r r e n t i n the t e s t c o i l for an a p p l i e d f i e l d of I T . 
The l i n e does not pass through the o r i g i n because of constant torques i n 
the suspension. 
The r e s u l t s of the c a l i b r a t i o n s u sing a fluxmcter do not agree w i t h i n 
the l i m i t s ot experimental e r r o r w i t h those obtained by the other two 
methods. P o s s i b l e reasons f o r the discrepancy are (1) The assumption made 
th a t the f l u x d e n s i t y round the counter-torque c o i l i s independent of the 
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c u r r e n t p a s s i n g through i t . T h i s i s questionable s i n c e the f l u x d e n s i t y 
due to the c u r r e n t i n the c o i l i s not n e g l i g i b l e compared w i t h t h a t due to 
the permanent magnet. E x a c t c a l c u l a t i o n s are not p o s s i b l e but for 
comparison, the f l u x d e n s i t y round the counter-torque c o i l due to the 
galvanometer magnet i s l e s s than 0.03T w h i l e the f l u x d e n s i t y 1 mm away 
from the c o i l a t maximum counter-torque c u r r e n t i s approximately 0.013T, 
n e g l e c t i n g the e f f e c t of the s o f t i r o n core. Harnwell (1949) page 426, 
d e s c r i b e s the d i s t u r b i n g e f f e c t of current i n a dynamo armature, a s i m i l a r 
s i t u a t i o n . 
(2) The f a c t t h a t the v a l u e of f l u x d e n s i t y v a r i e s over the pole f a c e s 
of the galvanometer magnet and t h i s method determines a quantiy BAn 
depending on the average v a l u e of B w h i l e the v a l u e r e q u i r e d i s t h a t at 
the c e n t r a l r e s t p o s i t i o n of the counter-torque c o i l . 
(3) I n d e f l e c t i n g the c o i l , eddy c u r r e n t s i n the b r a s s former would 
tend to d i m i n i s h the induced e.m.f. i n the c o i l . 
For t h e s e reasons the r e s u l t from the fluxmeter method of 
c a l i b r a t i o n was d i s c a r d e d and the weighted mean of the other two r e s u l t s 
was used i n a l l subsequent c a l c u l a t i o n s . The weighted mean i s 
(0.7463 + 0.008) x 10 NmV -1 
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CHAPTER 8 
ANALYSIS OF TORQUE CURVES 
8.1 General F e a t u r e s of the Torque Curves 
An i d e a l b a s a l plane torque curve for an H.C.P. c r y s t a l i s shown 
i n F i g u r e 8.1. The s i g n conventions used a r e as f o l l o w s . 
( i ) The c r y s t a l i s viewed from above, 
( i i ) P o s i t i v e v a l u e s on the graph r e p r e s e n t torques t u r n i n g the 
c r y s t a l a n t i c l o c k w i s e , 
( i i i ) A point on the s c a l e of degrees g i v e s the angle between some 
h o r i z o n t a l d i r e c t i o n (such as the magnetic f l u x l i n e s , or the magnetisation 
v e c t o r i n s i d e the c r y s t a l ) and a f i x e d d i r e c t i o n i n the specimen. I n c r e a s i n g 
v a l u e s on t h i s s c a l e i n d i c a t e a r o t a t i o n c l o c k w i s e i n the plane of the 
c r y s t a l . The graph i n F i g u r e 8.1 shows torque versus r o t a t i o n of the 
magnetic f i e l d and when the magnetic f i e l d turns clockwise towards a 
d i r e c t i o n such as E^, or E^, t h e r e i s an a n t i c l o c k w i s e torque on the 
c r y s t a l , which diminishes, and passes through zero as the f i e l d becomes 
p a r a l l e l to these d i r e c t i o n s . E^, E ? and E^ are t h e r e f o r e easy axes of 
magnetisation i n the c r y s t a l . The po i n t s marked H^, and H^ show the 
p o s i t i o n of the hard axes of magnetisation. 
From equation 5.6, i n the case of a b a s a l plane d i s c cut from a 
hexagonal c r y s t a l , w i t h the magnetisation v e c t o r i n the plane of the 
d i s c , the torque exerted by the f i e l d on the c r y s t a l l a t t i c e i s 
L = 5f a - 6K 4Sin60 
where L the torque and may both r e f e r to u n i t mass and 0 i s the 
angle between the m a g n e t i s a t i o n v e c t o r and 'a' a x i s of the c r y s t a l . 
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I f 0 could be measured d i r e c t l y i t would be possible t o p l o t L versus 
0 and o b t a i n from d i r e c t measurement of the amplitude of the curve. I n 
p r a c t i c e torque i s p l o t t e d against the angle of r o t a t i o n o f the applied 
f i e l d and other features occur i n the torque curves, which make the 
a n a l y s i s f o r more complex. These are discussed below. 
( i ) Phase angles 
Zero torque r a r e l y coincides w i t h the o r i g i n of the torque curve. The 
range of angles through which the magnet can be turned i s l i m i t e d by 
e l e c t r i c c u r r e n t and water connections and the o r i e n t a t i o n of the axes of 
the specimen i n a h o r i z o n t a l plane i s measured only a f t e r i t has been 
s e t t l e d by chance. The e f f e c t i s t o add phase angles t o the p e r i o d i c 
components o f the torque curves. 
( i i ) Torques va r y i n g w i t h the period of 20 
These represent a very l a r g e disturbance and may a r i s e from 
several causes. 
a) Non-horizontal mounting o f the c r y s t a l specimen 
b) Non-circular shape of the c r y s t a l specimen 
c) Misalignment o f the c r y s t a l l o g r a p h i c axes w i t h the 
geometrical axes of the disc 
(a) and (b) above are t r e a t e d by P h i l l i p s and Shephard (1970) who showed 
t h a t the f i r s t disturbance gives a component p r o p o r t i o n a l t o the magnetic 
f i e l d s t r e n g t h w h i l e the second i s independent of i t . 
The disturbance mentioned i n (c) above, was considered by Darby and 
Taylor (1964). They showed t h a t i n order t o f i n d the constant i t i s 
s t r i c t l y speaking necessary to know ex a c t l y the o r i e n t a t i o n of the 
c r y s t a l ' s axes and the other anisotropy constants K.., K„ and K„. 
104. 
However i n a case where the c r y s t a l l o g r a p h i c C axis i s not more than 5 
degrees from the normal t o the plane of the specimen and where 
« TS^ + 2K 2 + 3K 3 
i t i s permissible t o regard the m i s o r i e n t a t i o n as merely adding a term w i t h 
the p e r i o d 20. These cond i t i o n s were always f u l f i l l e d , 
( i i i ) Torques w i t h the perio d of 0 
P h i l l i p s and Shephard also p o i n t out t h a t i f the centre of the 
specimen i s mounted o f f the axis of r o t a t i o n of the magnetometer and 
the magnetic f i e l d i s not uni form then a component p r o p o r t i o n a l t o sin0 
can be expected i n the torque curves. This component was not detectable 
on i n s p e c t i o n of the curves and the c a l c u l a t e d points could be f i t t e d t o 
the experimental curves w i t h o u t the i n c l u s i o n of sin0 terms, 
( i v ) Constant torques 
These may be due t o a s l i g h t t w i s t l e f t i n the magnetometer 
suspension a f t e r s e t t i n g i t up. I n t h i s case both clockwise and a n t i -
clockwise torque curves are displaced v e r t i c a l l y i n the same d i r e c t i o n by 
a constant amount. 
More o f t e n the constant torques are due t o r o t a t i o n a l h y s t e r e s i s i n 
the specimen and act i n the same d i r e c t i o n as the r o t a t i o n of the 
magnetic f i e l d . Clockwise and an t i c l o c k w i s e curves are then displaced 
v e r t i c a l l y away from each other and the area enclosed between the curves 
and the 0 and 180 degree ordinates i s p r o p o r t i o n a l to twice the work 
done i n moving the magnetisation vector through 180 degrees, 
(v) Torques w i t h the p e r i o d of sin40 and sin!20 
Because of random e r r o r s i n reading the curves, Fourier analysis 
w i l l show the presence of second and higher harmonics of the sin20 and 
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sin60 components. These sin40 and sinl20 components may also r i s e from 
the structure of the specimen. For instance Biy (1967) found a 12 fold 
component i n the basal plane anisotropy of Holmium. Such components can 
be recognised by their phase angles which do not vary more than one or 
two degrees from graph to graph. 
The torque curves may be expected to be represented by an expression 
of the form, 
L(0) - A Q + I A 2 nsin2n(0 + o ^ ) 
n=l,2,3,6 
Where A q i s a constant torque due to rotational hysteresis, 
A 0 r i s the amplitude of the sin2n0 component and 
i s i t s phase angle. 
L(0) i n t h i s case re f e r s to an arbitrary mass W of the material 
A 6 
t h e n K 4 = 6W 
so that Fourier analysis for Ag should suf f i c e to obtain K4. 
I t i s also useful to know the amplitudes of the other components 
and their phases. 
8.2 Calculation of the amplitudes and phases of components of the torque 
curves 
The torque L(0) i s given by 
L(0) = A + ) A. sin(2n0 + 2m ) o i~i 2n . i n 
n=l,2,3,6 
Expanding t h i s we have 
L(0) = A q + ^ A2nsin2n0cos2n»n + 
n=l,2,3,6 
) A„ cos2n0sin2no/ L 2n v an 
n-1,2,3,6 
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Now sin2n0d0 = cos2n0d0 = 0 
J sin2nj0cos2n20d0 = 0 for a l l n, 
„TT r 0 i f n^ n 2 
sin2n 10sin2n_0d0 = i 
0 i f n, ^ n 2 „TT ( U i i n1 and J cos2n^0cos2n20d0 = | 
TI/2 i f n 1 = n 2 
J L(0)sin2n0d0 « A 2 n c o s a 2 n = C2n < S a y ^ o 
pTT 
and J L(0)cos2n0d0 = j A 2 n S i n f f 2 n = S2n ^ s a y ^ 
2n TT 2n 2n 
and tf . t a n - l ( - 2 a ) 
2n 
A q i s simply the mean value of the ordinates over the torque curve. 
The integration i s performed numerically using the Euler-McLarin expansion 
(Booth 1957, page 35 and 178). 
a+m6x 
J f(x)dx = *f f ( a ) + 2f(a + 6x) + 2f(a + 28x) + 
f (a + m6x)J 
" "4 ] P ~ [ f ' ( a +m6x) " f ' ( a ) ] 
+ % j £ [ f " (a + m6x) - f " ( a ) ] 720 
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f ( x ) i s a function which i t i s desired to integrate over the range (a) to 
(a + m6x). The range i s divided into m equal parts of width 6x and values 
of f ( x ) , f ' ( x ) , f"(x) etc. found at x = a, a+6x, a+26x, etc. where f'(x) 
indicates the f i r s t derivative of the function f ( x ) and f"(x) the 
second derivative and so on. 
I f the function f ( x ) i s periodic and m6x i s an exact multiple of i t s 
period then 
and so on for the other derivatives. The expansion therefore simplifies 
to the following: 
f ( a ) = f ( a + m5x) 
f'(a) = f 1 ( a + m6x) 
a-Kn6x 
f(x)dx = 6x[f(a) + f ( a + 6x) + f ( a + 26x) + f ( a +(m-l)5x)] 
To integrate 
TT 
J L(0)sin2n0d0 2n o 
f i r s t l e t x = 0, m = 36, 6x = -—r, a = 0 
then 
C 2 n - ^  [ l . ( 0 ) B i n ( 0 ) + L ( £ ) S i n 2 n ( £ ) + !.(§*) Sin2„(fs) 
and s i m i l a r l y 
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TT 
J 
O 
L(0)cos2n0d0 = S 2n - ^ [L(O)COSCO) + L ( J 1 ) C O S 2 „ ( J 1 ) + 
I t i s then only necessary t o f i n d the torques and t r i g o n o m e t r i c a l f u n c t i o n s 
at 5° i n t e r v a l s and perform the simple numerical summation t o obt a i n an 
exact value f o r each of the above i n t e g r a l s . 
Readings i n centimetres were taken from the torque curves at 5° 
i n t e r v a l s and the i n t e g r a l s were evaluated f o r n = 1,2,3,4,5,6. Hence 
values i n centimetres o f A^, A^, A^, and A ^ and o^, Qf^ , and w e r e 
computed f o r each curve. A q was found simply as the mean value of the 
35 readings. The value of f o r each curve was then found a f t e r 
f i n d i n g the value of A^ i n u n i t s of Nm, using the scale f a c t o r of the XY 
recorder and the c a l i b r a t i o n constant of the torque magnetometer. The 
value of obtained at a p a r t i c u l a r f i e l d below s a t u r a t i o n i s r e f e r r e d 
t o as K^1. Values o f K^' were obtained separately from clockwise and 
an t i c l o c k w i s e curves and a mean value computed f o r each f i e l d and temperature 
value. C a l c u l a t i o n s were performed on the Northumbrian U n i v e r s i t i e s 
M u l t i p l e Access Computer using mainly the language APL360. This allowed 
r a p i d development and m o d i f i c a t i o n o f programmes and i n a d d i t i o n can 
be used i n batch mode. The f i n a l v e r s i o n o f the programme used i s given 
i n Appendix I , and i s w r i t t e n i n PLl. This programme, i n a d d i t i o n t o 
c a l c u l a t i n g amplitudes, phase angles and a mean value of K^', causes 
the computer t o p r i n t out ordinates c a l c u l a t e d from the values of A q, A^, 
A., A, and A1 _ p r e v i o u s l y obtained. I t also p r i n t s out the R.M.S. 
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d i f f e r e n c e between the measured and the c a l c u l a t e d o r d i n a t e s . I n a d d i t i o n 
the programme causes the computer to estimate the area between the 
clockwise and a n t i c l o c k w i s e torque curves obtained f o r each p a i r of f i e l d 
and temperature values. The values are i n a r b i t r a r y u n i t s but take 
account o f the d i f f e r e n c e s i n scale f a c t o r between the graphs so t h a t 
comparison can be made. This area between the curves i s p r o p o r t i o n a l to 
the r o t a t i o n a l h y s t e r e s i s and the values were subsequently used t o detect 
the maximum which occurs i n t h i s q u a n t i t y when the specimen i s magnetised 
near the 'knee' of i t s magnetisation curve (Bozorth, 1951, page 515). 
Other sections of the programme were w r i t t e n t o deal w i t h c o r r e c t i o n s 
f o r 'shearing' i n the torque curves and also v a r i a b l e h y s t e r e s i s drag. 
These are discussed l a t e r . 
8.3 The Determination o f the Easy Axis from Phase Angles 
Assuming t h a t the s i x - f o l d component o f the torque curve i s due to 
m a g n e t o c r y s t a l l i n e anisotropy, the phase angle f o r t h i s component gives 
the p o s i t i o n of a hard axis of magnetisation. Thus a phase angle of (say) 
+11 degrees would i n d i c a t e t h a t t h i s component had zero value and a 
p o s i t i v e slope when the magnetic f i e l d was p a r a l l e l t o an axis 11 degrees 
a n t i c l o c k w i s e of the zero o f t h e torque curve; t h i s axis i s a hard axis 
because r o t a t i n g the magnet clockwise would produce a p o s i t i v e ( = a n t i -
clockwise) torque. 
Hard axes determined from computed phases always coincided w i t h 
c r y s t a l axes as determined by the o r i e n t a t i o n procedure described i n 
s e c t i o n 6.3.2. w i t h i n 3 degrees and very o f t e n w i t h i n 1 degree. Phases 
found when a component was n e a r l y i n d i s t i n g u i s h a b l e from the background 
were o f t e n d i f f e r e n t f o r the clockwise and a n t i c l o c k w i s e curves, and were 
no. 
not r e p r o d u c i b l e . This suggests t h a t i f a component cannot be seen i n the 
recorded curve then a Fourier a n a l y s i s f o r i t i s not l i k e l y t o produce 
a r e l i a b l e r e s u l t . Random e r r o r s and d i s t o r t i o n s i n the curves w i l l 
produce spurious components. 
8.3.1. The sign o f 
For a hexagonal c r y s t a l magnetised i n i t s basal plane 
E = K. + K„ + K_ + K, cos60 (Equation 5.5) where 0 i s measured i n the a 1 2 J 4 
plane of the c r y s t a l from the 'a' a x i s . I f i s p o s i t i v e , then as the 
magnetisation moves away from the 'a' a x i s , cos60 f a l l s and the system 
moves to a s t a t e o f lower energy. Thus the 'a' axis i s a hard axis o f 
magnetisation. S i m i l a r l y i f i s negative then the 'a' axis i s easy. 
Since the programme used f o r c a l c u l a t i n g gives a p o s i t i v e value 
regardless of easy a x i s , i t i s necessary t o add a negative s i g n i f the 
'a' axis i s found t o be easy from i n s p e c t i o n of the phases. 
8.4 Methods of Reading the Torque Curves 
A set of g r a t i c u l e s was prepared on waterproof, transparent graph 
paper. The scale on the paper was checked against l a b o r a t o r y scales 
was found to be accurate and more stable dimensionally than the graphs 
from the XY recorder. A l l paper sheets were kept as f a r as possible 
i n the same environment during the course of the experiments and the 
reading o f the values. The g r a t i c u l e s consisted of 37 equally spaced 
p a r a l l e l l i n e s , the f i r s t of which was l a i d on the 0 degree mark o f 
the graphs and the l a s t of which was made to coincide w i t h the 180 degree 
mark. The displacement of the torque curve from the axis was then read 
on the f i r s t 36 l i n e s on both clockwise and anticlockwise curves. The 
72 values were read i n t o a tape recorder and then taken down on punching 
forms ready f o r the p r e p a r a t i o n of punched cards f o r computing. 
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8.5 Err o r s i n Reading Torque Curves 
(a) Due t o mismatch between g r a t i c u l e and torque curve 
The distance between the 0 degree mark and the 180 degree mark 
v a r i e d by 2 or 3 mm between curves obtained on d i f f e r e n t days and i t was 
feared t h a t a very l a r g e number of g r a t i c u l e s would be needed to read 
a l l the graphs. An analysis was made to determine how c l o s e l y the 
g r a t i c u l e s used f o r reading need t o match the length of the r o t a t i o n 
o 1 
a x i s . Values of sin60 were found at i n t e r v a l s of 5 3.5 which 
corresponds t o reading a pure sine curve w i t h a g r a t i c u l e 2 mm too long. 
These values were analysed as i f they were readings from a normal torque 
curve and the value of A^ was found t o be 0.999. This procedure was 
repeated w i t h values of sin60 as they would be read from g r a t i c u l e s 2 mm too 
s h o r t , 4 mm too long and 4 mm too short. The r e s u l t s are given i n 
Table 8.1. 
Table 8.1 
Errors due t o i l l - f i t t i n g G r a ticules 
G r a t i c u l e Computed 
m i s f i t amplitude 
2 mm long 0.999 
2 mm short 1.001 
4 mm long 0.9979 
4 mm short 1.001 
The greatest e r r o r can be seen t o occur when the g r a t i c u l e i s too long f o r 
the graph and i s approximately 0.2% f o r a 4 mm m i s f i t . The computation 
i s very t o l e r a n t o f e r r o r s of the order of 1 mm i n the len g t h of the 
g r a t i c u l e . This made i t p o s s i b l e t o read a l l the torque curves w i t h only 
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three prepared g r a t i c u l e s . Further c a l c u l a t i o n s w i t h sin20 curves showed 
t h a t a 4 mm m i s f i t caused an e r r o r o f 0.5% i n t h i s component, but also 
produced a spurious sin60 component o f about O.97o of the sin20 amplitude. 
S i m i l a r l y the amplitude of a sin40 curve read w i t h a graticule short by 
4 mm was only changed by 0.3% but a spurious sin60 component w i t h an 
amplitude 1.3% o f the sin40 amplitude was produced. Thus a gross mis-
match i n an extreme case where the sin20 and sin40 components have the 
same amplitude as the sin60 component introduces an e r r o r of 2.5%. I n 
the torque curves which were used, even i n the most unfavourable case 
A 4 A 2 
•r= < 0.3, ~ < 2 
A 6 A 6 
and the mismatch was about 1 mm and occasionally 2 mm. Therefore e r r o r s 
due t o t h i s cause are estimated t o be less than 0.5% f o r most readings. 
(b) Random e r r o r s 
E r r o r s due t o random f a u l t s i n reading ordinates vary from curve 
to curve. A t y p i c a l mean o r d i n a t e might be 20 mm and t h i s might be read 
w i t h a p r e c i s i o n of 1 mm.Revalues were computed from 72 such readings so 
t h a t the standard e r r o r i s approximately 0.6%. 
8.6 Shearing of the Torque Curves 
Figure 8.2 shows a torque curve f o r the pure Terbium basal plane 
specimen. A s e c t i o n of a sine wave i s included i n the graph f o r comparison. 
The torque curve i s not s i n u s o i d a l , but has the appearance o f a sine wave 
sheared away from the easy axes, the h o r i z o n t a l displacement of a p o i n t 
from the sine curve being approximately p r o p o r t i o n a l to the height of 
the o r d i n a t e at t h a t p o i n t . 
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The cause of the shearing i s the f a c t t h a t i n f i n i t e magnetic f i e l d s 
the magnetisation vector i n the c r y s t a l does not l i e p a r a l l e l t o the applied 
f i e l d except when the torque i s zero, but i s always d i r e c t e d between the 
ap p l i e d f i e l d and the nearest easy a x i s . In Figure 8.2 when the applied 
f i e l d i s at an angle A the magnetisation vector i s at an angle A1 nearer 
t o the easy axis (E^). The torque T which i s produced when the 
magnetisation i s at t h i s angle i s a c t u a l l y recorded at A, f u r t h e r from 
the easy a x i s . I n Figure 8.3 M represents the d i r e c t i o n of the 
s 
s a t u r a t i o n magnetisation v e c t o r , B q the d i r e c t i o n o f the applied magnetic 
f i e l d (assumed t o be h i g h enough to saturate the specimen), V-JXy^g 
the demagnetisation f i e l d a n t i p a r a l l e l to M g and B R the r e s u l t a n t f i e l d . 
The torque on the c r y s t a l i s 
L = B M sina r s 
I n the t r i a n g l e OPQ 
B B B r o o 
s i n e sin(180-(B + 6)) sine* 
t h e r e f o r e 
B si n a = B sinQ r o 
and L = B M sin( o s 
so sinG = B M o s 
and very c l o s e l y 9 .. = — — = const.L (8.1) radians B M o s 
The angle 9 i s the amount by which the torque o r d i n a t e corresponding t o 
t h i s o r i e n t a t i o n of M would be displaced away from the p o s i t i o n of the 
s 
easy axis on the graph. The c o r r e c t i o n suggested by H.J. Wil l i a m s , 
(Bozortb 1954) i s t o displace each or d i n a t e on the experimental curve 
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through the appropriate angle 9 ( P i g 8.2) back towards the nearest easy 
a x i s . The value of 9 f o r each o r d i n a t e can be found very simply from the 
above equation 8.1 since-the a p p l i e d f i e l d i s known and the s a t u r a t i o n 
magnetisation i s g e n e r a l l y a v a i l a b l e from other experiments. 
When the c o r r e c t i o n i s applied the sinusoidal form i s regained, but 
i f the c o r r e c t i o n i s not ap p l i e d then unwanted harmonics appear i n the 
Fou r i e r expansion of the torque curve and the amplitude of the sin60 
component i s s e r i o u s l y a f f e c t e d . To determine the importance of the 
c o r r e c t i o n a sine curve of u n i t amplitude was c a r e f u l l y drawn and 
d e l i b e r a t e l y sheared by moving each po i n t side ways through an angle 
p r o p o r t i o n a l t o the height of the o r d i n a t e at tha t p o i n t . This a r t i f i c a l l y 
sheared curve was then read at 5 degree i n t e r v a l s and analysed as f o r a 
normal torque curve. Table 8.2 shows the displacement of the peak value 
of the d i s t o r t e d curve and the computed value of the sin60 amplitude 
Table 8.2 
The e f f e c t o f 'shear' on computed amplitudes o f the 
s i x f o l d component of torque curves 
Maximum value Computed amplitude 
of 6 degrees sin60 
0 0.999 
3 0.975 
5 0.9578 
7.5 0.916 
To perform a more precise t e s t a series of points on a sheared sin60 
curve was obtained by solving numerically the equation 
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sin60 = 
max 
(0 - A) f o r values of A at f i v e degree i n t e r v a l s . 
9 i s a given maximum displacement o f the ordinates from an easy a x i s , max o r 
I t can be seen (Figure 8.4) t h a t the s o l u t i o n s t o these equations 
represent the 0 co-ordinates of the po i n t s of i n t e r s e c t i o n (Q^Q^, etc.) of 
a se r i e s o f s l o p i n g l i n e s w i t h the sin60 curve. I f the values of sin60 
at the p o i n t s Q^JO^ e t c « a r e p l o t t e d against the value of A at f i v e 
degree i n t e r v a l s then a sheared curve i s obtained. At the peak of the 
curve sin60 = 1, and 
0 = A + e 
t h a t i s , the peak of the curve occurs at an angle 0 e a r l i e r than the peak 
o f a pure sin60 curve and the displacement of the other ordinates i s 
p r o p o r t i o n a l t o t h e i r h e i g h t . Table 8.3 shows the r e s u l t s of Fourier 
a n a l y s i s of the sheared curves f o r various values of 6 max 
, Table 8.3 
The e f f e c t of 'shear' on the amplitudes of the s i x f o l d component of 
torque curves and i t s second harmonic 
&max 
degrees Amp.sin60 Amp.sinl20 
0 1.0000 
1 0.9979 0.0498 
2 0.9952 0.1013 
3 0.988 0.1499 
5 0.9655 0.2359 
8 0.9095 0.3165 
10 0.8583 0.3337 
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The f o l l o w i n g conclusions may be drawn concerning the c o r r e c t i o n f o r 
shear. 
The e r r o r i n the amplitude of the sin60 component r i s e s r a p i d l y once 
the value of 9 has r i s e n above 2% degrees, and i t i s t h e r e f o r e max 
imperative t h a t some c o r r e c t i o n should be applied i f 9 i s more than r r r max 
t h i s . I t i s also c l e a r t h a t even a rough c o r r e c t i o n can make a great 
improvement i n the accuracy of the r e s u l t s . I f the actual maximum angle 
of shear i s say 8° then any c o r r e c t i o n to 9 between 5.5 and 10.5 3 3 max 
degrees w i l l then reduce the error from 9% t o 1%. 
8.7 Corre c t i o n f o r Shear 
Where l a r g e numbers of torque curves are to be read some automatic 
method of applying the c o r r e c t i o n f o r shearing i s needed. Penoyer (1959) 
achieved t h i s by tapping o f f a p r o p o r t i o n of the output from the torque 
magnetometer and connecting i t i n series w i t h the output from the 
potentiometer which i n d i c a t e d the o r i e n t a t i o n of h i s magnet. The angle 
co-ordinate of each p o i n t was thus displaced the appropriate amount 
towards the easy a x i s . 
I n t h i s i n v e s t i g a t i o n i t was found possible to corr e c t f o r shear by 
reading values of torque from the curves w i t h an i n c l i n e d g r a t i c u l e . The 
general arrangement i s shown i n Figure 8.5. Values are read o f f where 
the i n c l i n e d l i n e s cut the experimental curve. E.g. the torque represented 
by the l i n e AP i n the diagram i s read where the l i n e FB through the 25 
degree mark cuts the curve and i s tab u l a t e d against t h i s angle. The 
angle through which each value of torque i s moved i s p r o p o r t i o n a l to the 
value. 
The i n c l i n a t i o n o f the g r a t i c u l e i s found thus. The torque 
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represented by some a r b i t r a r y v e r t i c a l distance on the graph, say RQ 
i s c a l c u l a t e d from the scale f a c t o r of the XY recorder and the c a l i b r a t i o n 
constant o f the torque magnetometer. Suppose t h i s torque i s L. The 
end of the angle axis of the g r a t i c u l e i s then t i l t e d up so t h a t the 
distance QS represents an angle 
-1 L s i n M B s o 
I f DY i s the displacement o f the angle axis on the g r a t i c u l e from the 
angle axis on the torque curve at the 175 deg. o r d i n a t e , and OY i s the 
distance between the 0 and 175 deg. ordinates on the g r a t i c u l e , then the 
l a t t e r must be t i l t e d u n t i l 
D Y = O Y x { | 
I t is inconvenient t o read AP d i r e c t l y , since the scales on the g r a t i c u l e 
are i n c l i n e d t o the axis of the torque curve. Instead, the distance PC 
i s read, and a c o r r e c t i o n made as f o l l o w s . Suppose AP'is the n'th 
o r d i n a t e (n = zero f o r the o r i g i n ) then 
A 
AP = (PC + BC) cosAPB 
, DYv ,„ -1 DYv = (PC + n — ) cos (t a n — ) 35 OY 
A s e c t i o n o f the programme given i n Appendix I causes the computer to 
make t h i s c o r r e c t i o n t o each reading. 
The g r a t i c u l e used has t o be chosen so t h a t the i n c l i n e d distance 
between the 0 and 180 deg. ordinates f i t s the le n g t h of the experimental 
curve. At the 0 deg. o r d i n a t e the g r a t i c u l e and torque curve axes 
co i n c i d e . 
An advantage of t h i s method of c o r r e c t i o n f o r shearing the graphs i s 
t h a t a good approximate c o r r e c t i o n can be made with o u t performing the 
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c a l c u l a t i o n t o f i n d the necessary i n c l i n a t i o n of the g r a t i c u l e . Where the 
curves are symmetrical the g r a t i c u l e i s i n c l i n e d u n t i l the maxima and 
minima on the torque curve appear t o be evenly spaced across the l i n e s on 
the g r a t i c u l e . I n a l l cases where shearing was s i g n i f i c a n t , the curves 
proved t o be symmetrical enough to allow the use of t h i s simple procedure 
which reduces the maximum shear below 2 degrees w i t h ease. 
Figure 8.6 shows a t r a c i n g of a sheared curve and a p l o t of the 
p o i n t s read from i t w i t h an i n c l i n e d g r a t i c u l e and corrected i n the above 
manner. 
8.8 Phase Differences between Fourier Components of Clockwise and A n t i -
Clockwise curves 
The phases of the sin20 and sin60 terms were found t o d i f f e r w i t h the 
d i r e c t i o n i n which the torque curve was p l o t t e d . These di f f e r e n c e s were 
a t t r i b u t e d t o an a d d i t i o n a l angle of lag between the magnetisation vector 
and the a p p l i e d f i e l d 0^, which i s constant and due to the h y s t e r e s i s 
torque. I f represents t h i s l a t t e r torque then 
*h =
 SIN_1 MV s o 
The d i f f e r e n c e i n phase between the two p r i n c i p a l component of the curves 
should be 29^ and i t was thought possible t h a t given values of the a p p l i e d 
f i e l d B i t might be p o s s i b l e t o o b t a i n values of M the s a t u r a t i o n o s 
magnetisation. Values were obtained of the c o r r e c t order of magnitude 
thus supporting the view of the o r i g i n of the phase di f f e r e n c e s given 
above; the values were however too scattered to be of much use i n 
p l o t t i n g magnetisation against temperature, presumably because of the 
e r r o r s i n 9^ which i s a small q u a n t i t y . 
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One important r e s u l t o f the d i f f e r e n c e i n phase between the clockwise 
and a n t i c l o c k w i s e curves i s t h a t i t i s i n v a l i d t o c a l c u l a t e K, from the 
4 
mean o f corresponding values on the CW and ACW curves. The value of 
so obtained i s g e n e r a l l y l ess than t h a t obtained from the i n d i v i d u a l 
curves. I t i s necessary t o f i n d separate values of f o r the CW and the 
ACW curves and f i n d the mean of these. I n several cases the values of 
obtained by the two averaging processes t u r n out to be nearly equal. 
This p o i n t was noted by Bly (1967). These cases however are ones 
e x h i b i t i n g l a r g e r o t a t i o n a l h y s t e r e s i s where the drag i s not constant 
over the f i r s t few degrees o f the torque curves and t h i s e f f e c t depresses 
the i n d i v i d u a l values o f K. t o the l e v e l o f the i n v a l i d mean. A 
4 
c o r r e c t i o n f o r t h i s e f f e c t i s discussed i n the next s e c t i o n . 
8.9 D i s t o r t i o n of Torque Curves due t o Var i a b l e Hysteresis Torques 
and i t s C o r r e c t i o n 
I t was found w i t h some specimens t h a t the v e r t i c a l displacement of the 
torque curves increased over the f i r s t 30 t o 40 degrees r o t a t i o u of the 
magnet. The e f f e c t was reduced but not el i m i n a t e d by g i v i n g a 1 r u n - i n 1 
t o the curve since hoses and wires r e s t r i c t e d the 1 r u n - i n ' to about 15 
degrees. A c a l c u l a t e d c o r r e c t i o n was th e r e f o r e sought. 
A c t i n g on the assumption t h a t the CW and ACW curves should have the 
same form, the f i r s t 12 readings i n each curve were replaced by the l a s t 
12 readings of the curve taken i n the opposite d i r e c t i o n , each reading 
being displaced by a distance equal t o the mean distance between the 
c e n t r a l 12 readings. This procedure i s only s t r i c t l y v a l i d i f the 
Fou r i e r components of the two curves are i n phase but i t s use i s 
encouraged by the f o l l o w i n g features of the combined curves. 
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(a) They had the same value and slope at 0 degrees and 180 
degrees. This i s an e s s e n t i a l c o n d i t i o n f o r the v a l i d 
a p p l i c a t i o n of the Euler-Maclaurin expansion i n the 
numerical i n t e g r a t i o n . 
(b) They could be more c l o s e l y f i t t e d by c a l c u l a t e d curves 
Figures8.7 and 8.8 show the improvements obtained. 
8.10 Estimate of E r r o r s 
The l i m i t s of e r r o r f o r various parts of the experimental work have 
been estimated i n other .sections and are summarised below. 
Section 6.2 Masses of specimens: Dysprosium and Terbium 1% 
Other specimens 0.5% 
Section 7.5 C a l i b r a t i o n o f torque magnetometer 1.2% 
Section 8.5 Reading graphs 1.1% 
Section 6.4.1 Temperatures IK 
Section 6.4.5 Magnetic F i e l d s 2% 
I t i s estimated t h a t the r e l a t i v e u n c e r t a i n t y i n K^' values i s ~ 4% 
The source of the g r e a t e s t u n c e r t a i n t y i n the r e s u l t s i s the 
e x t r a p o l a t i o n procedure t o f i n d at i n f i n i t e f i e l d , (Section 9.2.4). 
This e x t r a p o l a t i o n increases the highest measured value of K^1 by 15 t o 
20%. Experience w i t h other magnetic m a t e r i a l s and the arguments of 
s e c t i o n 9.2.4 suggest s t r o n g l y t h a t i f a l i n e a r p o r t i o n i s reached i n 
the graph of K,1 against " " ^ j then the l i n e a r r e l a t i o n s h i p w i l l p e r s i s t 
^o 
up t o very h i g h magnetic f i e l d values. I f the extrapolations are v a l i d 
they are accurate w i t h i n 4%. The values are t h e r e f o r e claimed t o be 
w i t h i n 8% of the t r u e values. I n performing e x t r a p o l a t i o n s , judgment was 
121. 
aided by the gradual change i n the slopes of the l i n e s from one temperature 
to the next (Figures 9.4 and 9.5). Errors i n the values of K^(0), 
(the values of a t OK) are l i k e l y t o be l a r g e r since they depend on the 
c o r r e c t choice of f u n c t i o n f o r r e n o r m a l i s a t i o n (Sections 9.2.7; 9.3.2). 
The choice was however always c l e a r and i n the case of Terbium ( s e c t i o n 
9.4) gave a value of K^(0) i n good agreement w i t h the r e s u l t s of Rhyne 
and Clark which were obtained much nearer t o absolute zero. I t i s f e l t 
t h a t K^(0) values obtained f o r the a l l o y s (sections 9.2.7; 9.3.2) are 
r e l i a b l e w i t h i n 207.,. 
Table 9.1 
^I - I b 0 . 6 9 5 S - C 0 . 3 0 5 
p, H (T) o K 4« ( J k g "
1 ) Phase (°) CW ACW 
Hysteresis 
A r b i t r a r y Units 
77K 0.99 
1.14 
1.173 
1.205 
1.238 
1.27 
1.28 
1.29 
0.0004113 
0.000996 
0.005871 
0.0143 
0.02387 
0.0368 
0.03 
0.036 
7,9 
26,29 
15,15 
15,15 
15,15 
13,13 
13,14 
13,13 
1000 
1976 
2617 
2953 
3513 
4165 
6281 
4877 
83.6K 1.173 
1.173 
1.205 
1.238 
1.27 
1.285 
0.0021 
0.0032 
0.01196 
0.01663 
0.0235 
0.0277 
17,16 
17,17 
40,40 
16,16 
15,16 
13,14 
1927 
2240 
2725 
3177 
3857 
5177 
91K 1.14 
1.173 
l.?05 
1.238 
1.275 
1.28 
0.00086 
0.00085 
0.004878 
0.01175 
0.01947 
0.02948 
35,38 
35,39 
14,13 
14,14 
14,14 
12,15 
1471 
1533 
2207 
2877 
3364 
4697 
10 2K 1.173 
1.205 
1.238 
1 .27 
0.000711 
0.00395 
0.007619 
0.0204 
6,7 
12,14 
12,12 
12,13 
1107 
1828 
2255 
3377 
113K 1.173 
1.205 
1.23 
1.27 
0.00111 
0.004157 
0.00694 
0.01137 
9,12 
11,13 
14,15 
11,13 
1768 
2873 
2869 
3477 
117K 1.173 
1.205 
1.238 
1.27 
0.0028 
0.0042 
0.0054 
0.0056 
0,3 
23,24 
13,13 
16,16 
5073 
6433 
4813 
2669 
126K 1.045 
1.205 
1.275 
0.00138 
0.00107 
0.001449 
43,11 
43,14 
11,12 
568 
544 
524 
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CHAPTER 9 
RESULTS AND DISCUSSION 
9.1 The Tb_ ,ncScn Basal Plane Disc 0.695—0.305 
9.1.1. O r i e n t a t i o n of the Specimen 
The angular r e l a t i o n s h i p s between the axes of the c r y s t a l and 
magnet scale were determined as described i n Section 6.2.3. From the 
X-ray photograph the angle between one of the "b" axes of the c r y s t a l and 
the normal t o the m i r r o r on the specimen holder was 30.75° and the normal 
t o the m i r r o r was found t o be normal t o the magnetic f i e l d when the 
magnet scale read 79°. R o t a t i n g the magnet anti c l o c k w i s e about the 
specimen by 30.75° brought the f i e l d l i n e s perpendicular t o a "b" axis of 
the c r y s t a l and p a r a l l e l t o an "a" axis. The "a" axes were t h e r e f o r e 
p a r a l l e l t o the f i e l d when the scale read 48.25 + n 60°, where n i s an 
i n t e g e r . 
9.1.2. The torque measurements 
With the maximum f i e l d s t rength a v a i l a b l e (1.29T) torque 
curves were obtained between 77K and 126K, w h i l e at 77K the lowest 
a p p l i e d f i e l d which could be used t o ob t a i n a curve was 1.173T. Results 
are given i n Table 9.1 and values of K^1 ( t h e e f f e c t i v e value of K^) are 
p l o t t e d against (j,QH (the a p p l i e d f i e l d s t r ength) i n Figure 9.1. I t i s 
c l e a r t h a t the values of K^1 show no tendency to saturate and t h a t any 
e x t r a p o l a t i o n t o i n f i n i t e f i e l d would be i n v a l i d . Tests f o r agreement 
w i t h theory are t h e r e f o r e impossible. 
The r e s u l t s do however serve t o show t h a t the "b" axis i s the easy 
ax i s of magnetisation as i n pure Terbium. Phase angles of 12 t o 15 
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degrees were obtained f o r the sin60 component of the torque, i n d i c a t i n g 
t h a t the torque on the specimen i s changing from negative (clockwise) t o 
p o s i t i v e ( a n t i - c l o c k w i s e ) a s the magnet turns clockwise past scale 
readings of -12, -1-48, +108°, etc . At these s e t t i n g s the "a" axis i s 
p a r a l l e l t o the f i e l d and the torque on the c r y s t a l i s such as t o increase 
the angle between the "a" axis and the f i e l d l i n e s . The "a" axis i s 
t h e r e f o r e the hard d i r e c t i o n of magnetisation and the "b" axis i s easy. 
The above phase angle was roughly the same f o r a l l torque curves obtained 
w i t h t h i s specimen except f o r those measured at f i e l d strengths near the 
c r i t i c a l f i e l d . I n those cases the phase angles v a r i e d i n an unsystematic 
manner and could show d i f f e r e n c e s of up t o 30° between values obtained 
w i t h the magnet t u r n i n g clockwise and t u r n i n g anticlockwise. 
The r e s u l t s also i n d i c a t e the approximate value of the c r i t i c a l 
f i e l d through the temperature range used. The values are p l o t t e d i n 
Figure 9.2 which also shows the values f o r c r y s t a l s of greater Terbium 
content from C h a t t e r j e e (1972). The l i n e f o r the Tb. ,OI-Scrt ... would 
not i n t e r s e c t the temperature axis i f extended, i n agreement w i t h the 
observation t h a t t h e re i s no ferromagnetic phase f o r a l l o y s of Terbium 
and Scandium w i t h less than 70-80 at % of Terbium, ( C h i l d and Koehler, 
1968). 
9.2 The Tb„ 0„,Sc. Basal Plane Disc O . Q/.J—U.l/-> 
9.2.1 O r i e n t a t i o n and determination of the easy axis of magnetisation 
The angle between the "b" axis and the normal to the m i r r o r on 
the specimen holder was 53.2° and the m i r r o r normal was perpendicular t o 
the magnetic f i e l d when the scale on the magnet read 74.5°. The f i e l d 
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was therefore perpendicular to the "b" axis and p a r a l l e l to an "a" axis 
at scale readings of 21.3 + n 60°. 
Table 9.2 summarises the results for t h i s specimen and i t can be 
seen that the phase angles for the sin60 components of the torque l i e very 
close to 39° for a l l the curves. There i s thus a hard axis at -39°, +21° 
etc. The "a" axis i s therefore hard and the "b" axis easy. 
9.2.2 Obtaining the curves 
I t was v e r i f i e d that the form and amplitude of the curves did 
not depend on the previous magnetic history of the specimen by obtaining 
curves with ascending and descending values of applied f i e l d strength. 
At any pa r t i c u l a r f i e l d strength, the curves obtained by both methods were 
very closely similar. 
9.2.3 The results 
Values of K^1 for six temperatures are shown plotted against 
applied f i e l d strength i n Figure 9.3. There i t can be seen that the 
graphs f l a t t e n o f f at higher values of applied f i e l d strength. I t was 
therefore f e l t to be legitimate to extrapolate the values to f i n d the 
value of at i n f i n i t e f i e l d for each temperature. 
9.2.4 Extrapolation to i n f i n i t e f i e l d 
The procedure usually adopted has been to plot values for 
anisotropy constants against 1/H. (For example: Bozorth (1951) page 566; 
Tarasov (1939)). A straight l i n e graph i s usually obtained and the 
intercept at 1/H = 0 i s read o f f . 
Symbolising by A the difference between the extrapolated value of an 
anisotropy constant and i t s value at 1.25T, Corner et al (1962) found 
125. 
that graphs of A against temperature for Gadolinium were smooth curves 
and could be used to correct values of the constants obtained at other 
temperatures. 
Kouvel and Graham (1957) however found for discs of 3hX Silicon-iron 
that p l o t t e d against /H from 0.1 to 21 gave straight lines while 
appeared to have no simple relationship-with l/H at a l l . They 
a t t r i b u t e d the f i e l d dependance of the anisotropy constants to the lack 
of saturation at the edges of the discs that they used, even i n high 
f i e l d s . 
Birss and Wallis (1964), measuring the torques on a (111) Nickel 
cr y s t a l disc found that the amplitude of the sine60 term did not have a 
simple relationship with l/H but could be represented over part of the 
range of values by 
K [K + 1/6K.]2 
A, = -rf - — (9.1) 
6 1 8 3 ( H M q + k) 
They proposed the use of terms i n higher powers of l/H as a means of 
getting a f i t over a wider range of values. 
P h i l l i p s and Shephard (1970) found for materials of low magneto-
c r y s t a l l i n e anisotropy that graphs of the anisotropy constants against 
2 
l/H were f i t t e d very well by expressions including terms i n l/H . Terms 
3 
i n l/H were not needed. They att r i b u t e d the f i e l d dependance of the 
apparent values of the anisotropy constants to elevation of the 
magnetisation vector out of the plane of the disc and also to the fact 
that the applied f i e l d and the magnetisation are not p a r a l l e l . They gave 
an expression for the torque L, 
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L = R (9.2) 
M (1-3N ) 
Q + HM + — — 
s 
a 
P,Q,R,S are quantities which depend only on the direction of the 
magneCisation vector r e l a t i v e to a set of axes fixed to the disc and the 
remaining symbols have th e i r usual meaning. Clearly as H increases, 
the expression for the torque becomes more nearly linear i n 1/H. 
1 1 
Figure 9.4 shows the values of K. ' plotted against ——. (or i~ ) Graphs 
'o o 
for the lower temperatures become straight at higher values of n, H and 
"o 
on the basis of the experience described i t was assumed that they would 
continue so to H = » and they were accordingly extrapolated as straight 
l i n e s . The curves for the three highest temperatures when plotted on a 
large scale show a s l i g h t change i n curvature from concave upwards to a 
concave downwards as H increases and 1/H decreases. This may indicate 
that the graphs are j u s t beginning to f l a t t e n out as those above them 
and i n t h i s case the linear extrapolations give an upper l i m i t to K^ ; 
the lower l i m i t being the value of K^ ' at 1.28T. 
Attempts were made to f i t quadratic expressions i n 1/H to these 
curves but t h i s was not satisfactory. Because of the small numbers of 
points used, expressions f i t t e d by the least squares method tended to 
project the upward curvature of the graphs and give very high values. 
But some extrapolation gave i n f i n i t e f i e l d values equal to or even less 
than the values of at 1.28T. For temperatures above 145K therefore 
the l i m i t s of the uncertainty i n the i n f i n i t e f i e l d value are wide. 
The difference A between the i n f i n i t e f i e l d value and the value of 
K^ ' at 1.28T gives a smooth curve (Figure 9.5) when plotted against 
temperature. The value of A f a l l s o f f almost exponentially with r i s i n g 
temperature. 
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9.2.5 Variation i n the amplitude of the sine20 component 
The amplitudes of the sine20 components of the torque curve 
at each temperature were plott e d against applied f i e l d strength. Values 
r i s e to a broad plateau except i n the case of results obtained at 151K 
and 159.5K where i t seemed that the applied f i e l d strength was too low 
to produce the plateau. (Figure 9.6). 
9.2.6. Variation i n r o t a t i o n a l hysteresis 
The area enclosed between the clockwise and anticlockwise 
torque curves was recorded for each temperature and f i e l d value and 
m u l t i p l i e d by the scale factor of the XY recorder. This gave a measure 
of the r o t a t i o n a l hysteresis i n a r b i t r a r y units. Figure 9.7. shows 
t h i s quantity plotted against applied f i e l d strength for a temperature 
of 96.5K. As the f i e l d strength increases there i s f i r s t of a l l a 
gentle r i s e i n the hysteresis and then a very sharp peak. After t h i s the 
hysteresis f a l l s rapidly and becomes more or less constant. Bozorth 
(1951, page 516) describes similar effects i n nickel and other materials, 
the gentler shape of his curves being accounted for by the fact that he 
shows r o t a t i o n a l hysteresis plot t e d against magnetic induction rather 
than applied f i e l d strength. 
The state of magnetisation of the specimen may be judged from the 
behaviour of the r o t a t i o n a l hysteresis. On the i n i t i a l gentle r i s e the 
magnetisation i s very low and the specimen may not even have been driven 
past the metamagnetic t r a n s i t i o n . The peak occurs when the specimen 
i s on the "knee" of the magnetisation curve. Readings are only suitable 
for extrapolation i f the hysteresis i s clearly f a l l i n g with increase of 
applied f i e l d strength. 
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On t h i s c r i t e r i o n the readings at 159.5K for t h i s specimen and a l l 
the readings for the Tb_ £Q,-Sc -„ c specimen are shown to be taken at 
too low an applied magnetic f i e l d . 
9.2.7 Comparison of results with theory 
The predictions of the single-ion theory (section 3.52) 
concerning the v a r i a t i o n of with temperature were compared with the 
values of obtained by extrapolation to i n f i n i t e f i e l d . 
For anisotropy of s i x f o l d symmetry orginating i n the crystal f i e l d , 
t h e o r e t i c a l l y the value of should vary as 
A 
I 1 3 / 2 ( Z ) where nv,, = l^^z) 
Anisotropy of s i x f o l d symmetry can also arise i n the basal plane from 
purely magnetoelastic effects i n which case the constant has a 
A A 
component varying as l^j^z) .l^j^iz) where the symbols have the moaning 
A 
assigned to them i n section 3.52. Values of l^j^iz) were obtained from 
the thesis of D. Chatterjee and from them were calculated values of z 
and of the two functions given above, (Table 9.3), using the recurrence 
r e l a t i o n given i n Abramovitz and Stegun (1965) 
Log was then plotted i n turn against the logs of the values of 
the two functions. This i s shown i n Figure 9.8. 
For p r o p o r t i o n a l i t y the slopes of these graphs should equal 1. 
Neither function s a t i s f i e s t h i s c r i t e r i o n very well or even gives a 
A A 
straight l i n e . The best f i t i s obtained graphically with I^^(z). l^j^z), 
but taking even the extreme lower l i m i t s of the uncertainty i n the K^ ' 
values i t i s not possible to make points corresponding to the higher 
temperatures f i t a straight l i n e . A similar conclusion was reached by 
numerical tests using the method of least squares. 
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Combinations of the two functions were t r i e d and i t was found that 
the error of the f i t decreased steadily as the combination changed from 
100% of I 1 3 / 2 ( z ) to 100% of I g / 2 ( z ) . I 5 / 2 ( z ) . (inj, = £,(z)). 
Figure 9.9 shows the experimental K^1 values plotted on a logarithmic 
scale against temperature together with the two theoretical curves. 
6.68 I 13/2 ( j t"
1(m T) ) ( 9' 3 ) 
3.526 (l 5 / 2 ( ( t" 1(m T)).(l 9 / 2(£" 1(m T)) (9.4) 
I n Figure 9.10 the logarithm of i s plotted against the logarithm 
of the reduced magnetisation. The slope changes from approximately 21 • 
at low temperatures to approximately 2.6 at the higher temperatures. 
According to Callen and Callen (section 3.53), two-ion terms i n the 
basal plane anisotropy vary according to the l ( l + l ) / 2 power of the 
reduced magnetisation at the low temperature l i m i t and soon go over to an 
1th power law. For anisotropy of magnetostrictive o r i g i n the low and 
high temperature l i m i t s would be 13th and 6th power laws, while for the 
cr y s t a l f i e l d effects they would be 21st and 6th power laws respectively. 
Examining further the p o s s i b i l i t y that the var i a t i o n of for t h i s 
specimen might indicate the appearance of two-ion interactions, a 
function of the following form was f i t t e d to the results. 
( A I 9 / 2 ( z ) + ( l - A ) ( I 5 / 2 ( z ) ) 2 ) . ( B I 5 / 2 ( z ) + ( l - B ) ( I 3 / 2 ( z ) ) 2 ) 
A 
where 1 3 / 2 ^ = ""T a n (* ^ a n (* ^ a r e a < * j u s t a D l e constants. The form of 
t h i s function was suggested by the work of Yang (section 3.53). The best 
fit was obtained when A and B were both unity. The function i n equation 
9.4 therefore represents the best f i t t i n g single ion function. 
Table 9.4 
T b 0 . 8 9 S C 0 . 1 1 ! y v a i u e s 
77K 
85.5K 
93K 
109K 
(T) 
122.5K 
129.5K 
0.35 
0.385 
0.42 
0.47 
0.525 
0.56 
0.62 
0.645 
0.712 
0.35 
0.42 
0.495 
0.54 
0.585 
0.645 
0.712 
275 
3S5 
495 
56 
625 
712 
74 
815 
0.275 
0.385 
0.42 
0.495 
0.56 
0.645 
0.765 
0.86 
0.95 
1,045 
1.14 
1.238 
0.275 
0.495 
.56 
.645 
.712 
.815 
.95 
.99 
.045 
.14 
1.238 
0.3 
0.425 
0.525 
0.645 
0.765 
0/86 
0.95 
1:064 
1.14 
1.205 
1.2/ 
-1 
0.0368 
0.0706 
0.1094 
0.1697 
0.9504 
1.658 
2.855 
3.57 
4.987 
0.044 
0.1047 
0.459 
1.4417 
2.18 
3.489 
4 685 
C.0207 
0.0781 
0.635 
1.90 
3.048 
4.258 
4.585 
5.267 
0.0312C 
0.07289 
0.1108 
.7672 
.8926 
.566 
.084 
.227 
.394 
.541 
.625 
0. 
0  
2. 
3. 
3. 
3. 
3. 
3. 
3.743 
0.07539 
0.8898 
1.403 
1.67 
1.787 
1.906 
2.022 
2.0,33 
2.0/6 
2.138 
2.173 
0.03515 
0.2418 
0.9517 
1.232 
1.366 
1.44 
1.487 
1.562 
1.607 
1 .625 
] .645 
Phases( ) 
31,37 
28,40 
25,44 
9.6,0 
4.8 
3.9 
-2 
5,6 
4,5 
14,22 
-1,20 
5,4 
4 
4 
4 
4 
6,-8 
24,-12 
5.5 
3.7 
4.86 
4.36 
4.54 
4.78 
9, -14 
17,-10 
10, -4 
5 
4.5 
4.5 
4.7 
4.8 
4.5 
4.4 
4.5 
3.5 
34 
5 
4,5 
4 
5 
4,5 
4,5 
4.5 
2,6 
2,8 
3,7 
32,36 
6,3 
5 
5 
5 
5 
5 
4,5 
4,5 
3,5 
3,5 
H oH (T) 
138.5K 
149K 
155.5K 
165K 
174.5 
0.3 
0.425 
0.525 
0.645 
0.765 
0.873 
0.95 
1.045 
1.14 
1.205 
1.28 
0.425 
0.525 
0.645 
0.765 
0.86 
0.95 
0.995 
1.08 
1.173 
1.275 
1.29 
0.0145 
0.2617 
0.6415 
0.7957 
0.8741 
0.9437 
0.9840 
1.020 
1.074 
1.096 
1.1245 
0.1797 
0.3234 
0.4279 
0.5044 
0.54 
0.5587 
0.5674 
.5954 
.6029 
.6139 
.5987 
0. 
0. 
0. 
0. 
0.525 
0.712 
0.86 
0.99 
1.08 
1.173 
1.27 
0.525 
0.712 
0.815 
0.92 
0.99 
1.02 
1.11 
1.173 
1.27 
0.525 
0.645 
.815 
.99 
.08 
.173 
.27 
0. 
0. 
1  
1. 
1. 
181K 0.525 
0.815 
0.86 
0.99 
1.08 
1.173 
1.27 
1.29 
0,1727 
0.2984 
0.3448 
0.3751 
0.4 
0.4167 
0.4152 
,05433 
,1317 
,1603 
,1793 
,1901 
,1976 
,2019 
,211 
,2174 
002046 
02909 
05839 
07364 
0801 
08594 
0.09059 
0.006132 
0.02582 
0.0285 
0.03241 
0.0378 
0.03621 
0.041 
0.041 
Phases( ) 
15,-8 
5,3 
5 
5 
5 
5 
5 
5,6 
5 
4,5 
3,5 
4 
5 
5,4 
5,4 
4 
4 
4,5 
4 
4,5 
-5,-3 
2,5 
5 
4,5 
4,5 
4,5 
4,5 
4,5 
3,7 
4 , 
5 
4,5 
5 
4,6 
4,5 
4,5 
3,4 
7,6 
4 
4,5 
4,5 
4,5 
4,5 
3,4 
33,34 
4,4 
4,5 
2,3 
4,4 
3,4 
3,4 
3,7 
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The dependence of on ra^, i s n e a r l y as m^ , at high temperatures. 
This suggests t h a t t h e o r i g i n of these small K^' values i s i n f a c t the 
t w o f o l d component i n the curves, (Figure 9.6). D i s t o r t i o n i n t h i s 
component w i l l produce a spurious s i x f o l d amplitude i n the ana l y s i s . 
At applied f i e l d s j u s t above the c r i t i c a l f i e l d a 'creeping' of the 
pen on the X-Y recorder was observed; i . e . i f the magnet was stopped 
the pen would move slowly t o a lower value of torque. I n one very bad 
case the movement amounted t o 1 cm i n about 15 seconds. I t was however 
v e r i f i e d t h a t the curve obtained by w a i t i n g f o r the pen t o s e t t l e was 
p a r a l l e l t o t h a t obtained by moving the magnet at a steady speed. At 
the higher values of a p p l i e d f i e l d , where the specimen was n e a r l y 
saturated, the form of the curves obtained was independent of the speed 
of the magnet. 
9.3 The Tb_ Q a S c n Basal Plane Disc o.oy u . i i 
This specimen was o r i e n t a t e d i n the same manner as the others and 
from the phase angle o f the sine60 component of the torque, the "b" 
axis was found t o be the easy axis of magnetisation over the whole range 
of temperature and f i e l d s t r e n g t h used. Results are given i n Table 9.4. 
9.3.1 The Results 
At temperatures below 109K the torques on the c r y s t a l 
specimen exceeded the maximum counter-torque obtainable from the apparatus 
and i t was only p o s s i b l e t o make measurements up to applied f i e l d s o f 
0.712T. Figures 9.11 and 9.12 show the measured K^' values p l o t t e d 
against applied f i e l d s t r e n g t h , and i t i s clear t h a t the values obtained 
at the three lower temperatures are not s a t u r a t i n g . 
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1 Figures 9.13, 9.14 and 9.15 show graphs of K,'against — . For most 
o 
o f the temperature range the graphs are l i n e a r and were extrapolated by 
co n t i n u i n g the best s t r a i g h t l i n e t o 1/B0 = 0. At the three lower 
temperatures however e x t r a p o l a t i o n - i s extremely u n c e r t a i n and i t i s only 
p o s s i b l e t o give a range of values w i t h i n which w i l l most probably l i e 
The upper end of each range i s obtained by e x t r a p o l a t i n g a s t r a i g h t 
l i n e through the p o i n t s which were obtained. Since a l l the other graphs 
show a r e d u c t i o n i n slope below - — - 1.55T * i t i s assumed t h a t the 
u 
0 1 -1 
slope of l i n e s passing through p o i n t s where — — = 1.55T would be higher 
o 
than the c o r r e c t value. The lower l i m i t was obtained by e x t r a p o l a t i n g 
w i t h a l i n e o f the same slope as the l i n e f o r 109K from the highest 
value of K^' obtained. Since the negative slopes of the l i n e s increase 
w i t h decreasing temperature t h i s e x t r a p o l a t i o n should be below the 
c o r r e c t value. 
9.3.2 Comparison w i t h theory 
Extrapolated values of are gathered i n Table 9.5. Using 
A 
magnetisation data from D. Chatterjee (1972) the values of ^ 3 / 2 ^ 
A A 
and l^i^iz) ,J.^i^{z) were computed and the logarithms o f the values 
were p l o t t e d i n t u r n against the logarithms of each of these f u n c t i o n s . 
(Figure 9.16). 
The second graph i s very close t o a s t r a i g h t l i n e of slope = 1 so 
t h a t i s c l o s e l y p r o p o r t i o n a l t o the second f u n c t i o n . This i s 
i l l u s t r a t e d f u r t h e r i n Figure 9.17 where the fun c t i o n s 
A 
30.2 I 1 3 / 2 ( z ) (9-5) 
12.59 I 5 / 2 ( z ) . I 9 / 2 ( z ) (9.6) 
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are p l o t t e d on a l o g a r i t h m i c scale against temperature, the experimental 
value o f also being i n d i c a t e d . 
Using a l e a s t squares method o f curve f i t t i n g , the e r r o r s were found 
t o be l e a s t w i t h a f u n c t i o n of the form of equation 9.6 above and they 
increased w i t h as l i t t l e as 1% admixture of a f u n c t i o n o f the form of 
equation 9.5. 
9.4 Terbium Basal Plane Disc 
The g r a p h i c a l and numerical treatment used w i t h the previous specimens 
was repeated f o r pure Terbium metal using the magnetisation measurements 
of Hegland et a l . (1963) and values of from the measurements of Bly 
(1967). Table 9.6 gives the values and Figure 9.18 shows l o g p l o t t e d 
A A A 
against the logarithms o f I 9 ^ 2 ( z ) . I < . y 2 ( z ) a n (* °^ * 1 3 / 2 ^ ' ^ e P°*- n t s 
are more s c a t t e r e d than i n the previous case but the superior f i t of the 
f i r s t f u n c t i o n i s c l e a r . 
Figure 9.19 shows the temperature v a r i a t i o n of the values and f o r 
comparison the two s i n g l e - i o n f u n c t i o n s 
K 4 ( T ) = 24.75 I 9 / 2 ( z ) . I 5 / 2 ( z ) (9.7) 
K 4 ( T ) = 71.75 I 1 3 / 2 ( z ) (9.8) 
From the most c l o s e l y f i t t i n g f u n c t i o n of t h i s p a i r (Eq.9.7) the value of 
K^(0) i s approximately 25 Jkg ^ t which may be compared w i t h the value 
29.25 J k g " 1 + 25% obtained by Rhyne and Clarke (1967). 
I t may be s i g n i f i c a n t t h a t the R.M.S. e r r o r i n the curve f i t t i n g 
procedure i s a minimum f o r the f o l l o w i n g f u n c t i o n : 
K 4(T) = 30.5 I 5 / 2 ( z ) . I 9 / 2 ( z ) - 5.4 \ 3 / 2 ^ ( 9 - 9 ) 
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I f so, t h i s could be taken as c o n f i r m a t i o n t h a t the c r y s t a l f i e l d 
c o n t r i b u t i o n i s of opposite s i g n t o the c o n t r i b u t i o n from the second order 
hexagonally symmetrical m a g n e t o s t r i c t i o n energy (Cooper 1968 I ) 
9.5 Terbium-Scandium A l l o y s and Terbium. Conclusions 
Both g r a p h i c a l and numerical methods of curve f i t t i n g i n d i c a t e 
A A 
c l e a r l y the s u p e r i o r i t y of the f u n c t i o n l^j^z) .l^j^z) f o r describing 
the v a r i a t i o n of the basal plane anisotropy of the two r i c h e r a l l o y s and 
pure Terbium. The o r i g i n o f t h i s anisotropy i s th e r e f o r e almost e n t i r e l y 
the second order m a g n e t o s t r i c t i o n of hexagonal symmetry. 
Using the f u n c t i o n above t o estimate the value of at absolute 
zero, gave a value f o r Terbium agreeing w i t h the r e s u l t of (Rhyne and 
Clarke 1967) w i t h i n t h e i r r e p o r t e d l i m i t s o f e r r o r . This value and the 
values f o r the two r i c h e r a l l o y s , expressed i n Kelvins par Terbium atom, 
are p l o t t e d against composition i n Figure 9.20. Also p l o t t e d i n the 
f i g u r e are the values f o r the c y l i n d r i c a l l y symmetrical m a g n e t o s t r i c t i o n 
energy given by Chatterjee (1972). 
The expression f o r the d r i v i n g energy (Eq.4.10) may be w r i t t e n , 
F. = F + F C = F - + F , + F - (9.10) d ms c f c y l hex c f 
The temperature v a r i a t i o n of the hexagonal anisotropy i n d i c a t e s t h a t the 
l a s t term 1^ i s n e g l i g i b l e . From Figure 9.20 i t can also be seen t h a t 
the c y l i n d r i c a l term i s f a r the l a r g e r . The hexagonal term i s not 
however n e g l i g i b l e i n Terbium and the r i c h e s t a l l o y and, since i t does 
not f a l l w i t h temperature much more r a p i d l y than the c y l i n d r i c a l term, 
s t i l l may account f o r as much as VS'L of the d r i v i n g energy even at 77K. 
Both F, and F , d i e away i n a l l o y s w i t h between 70 and 80 atomic hex c y l 
percent of Terbium. 
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9.6 Dysprosium Basal Plane Ellipsoid" 
This investigation was p r i n c i p a l l y concerned with seeking 
confirmation or otherwise of the changes of easy axis reported by Bly 
(1967, 1969) (Section 4.4 ) 
A series of about 150 torque curves was obtained at temperatures 
between 77K and 160K and at f i e l d s up to 1.27T. The easy axis was 
determined i n each case either by analysis as for the other specimens or 
by dire c t comparison of the curves with those obtained at temperatures and 
f i e l d s where the easy axis was already known. 
9.6.1 The Results 
(a) At 77K 
Table 9.7 gives one of the sets of results obtained at 77K, 
i n the order i n which they were measured. Values of K^'^the apparent 
anisotropy constant ;are plot t e d i n Figure 9.21 and can be seen to d i f f e r 
considerably for ascending and descending values of applied magnetic 
f i e l d . The negative values mean that the "a" axis i s the easy axis. 
I r r e v e r s i b l e changes, dis t o r t i o n s and jumps occur i n the curves between 
0.23 and 0.31T as B i s increased. After taking a torque curve at B > 
o o 
0.38T the curves are reproducible and the distortions disappear, 
A phase angle of approximately 10 degrees indicates that the 'a' 
axis i s easy and a phase angle of +40 degrees or -20 degrees would 
indicate that the 'b' axis i s easy. The mean phase angle of most of the 
pairs of curves i s about 10 degrees and only for the curves taken at 0.27T 
i s there any indication that the 'b' axis might be easy. 
(b) 81,86,92,100 K 
Torque curves at these temperatures were similar to those 
obtained at 77K. When B q rose above 0.3T the 'a' axis was easy up to the 
highest value of applied f i e l d which could be used. 
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(c) 110K 
Curves obtained at 110K d i f f e r from those obtained at 
lower temperatures only i n that the d i s t o r t i o n of the torque curves 
reappears when the applied f i e l d i s lowered, even when curves have been 
obtained at f i e l d s above 0.6T. 
(d) 120,124.131K 
Torque curves showing a sin60 component could only be 
obtained at applied f i e l d s i n excess of 0.45T, no d i s t o r t i o n was observed 
and 'a1 axis was easy up to the highest f i e l d used (1.24T). No indication 
was found of the changes of easy axis at high applied f i e l d s which marks 
the boundary between regions I I I and I i n Figure 4.2. 
(e) 136.6, 138, 142.6, 147.6, 156.5K 
The amplitudes of the stn60 component of the curves 
obtained at 131, 136.6, 138 and 142.6K are shown plotted against applied 
f i e l d i n Figure 9.22. The amplitudes are positive when the 'b1 axis i s 
easy and negative when the 'a' axis i s easy; the f i e l d strengths at 
which the easy axis changes are then easily determined from the points 
where the graphs cross the f i e l d axis. Changes located i n t h i s way are 
plotted on the o r i g i n a l figure due to Bly (Figure 4.3) as open circles 
and agree well with his results for this temperature range. Torque 
curves obtained at 147.6K showed only the 'b1 axis easy and those at 
156.5K did not show a clear s i x f o l d component even at the highest f i e l d 
available. 
No attempt was made to perform a numerical analysis where a sin60 
component was not clearly v i s i b l e , since the Fourier analysis calculation 
can give an amplitude which i s merely a component of the noise or the 
dis t o r t i o n s i n the curves caused by rotati o n a l hysteresis. Direct 
136. 
inspection was f e l t to be the best test for the presence of a sin60 
v a r i a t i o n i n the torque and on t h i s test no trace was found of the change 
of easy axis between regions I I and I I I i n Figure 4.3. 
9.6.2 Discussion: Results. 77 to 100K 
Apart from the general d i f f i c u l t y i n determining the easy axis 
from torque curves when the specimen i s unsaturated (Section 9.6.3), 
int e r p r e t a t i o n of the changes of phase occurring i n the sin60 component 
at low values of applied f i e l d between 77K and 100K has the following 
special d i f f i c u l t i e s . 
i. The curves are distorted through a l l or part of th e i r length and 
jumps and abrupt changes of form occur i n certain curves, 
i i . The amplitude and the phases of the s i x f o l d components are not 
unique but depend on the previous magnetic history of the 
specimen. 
i i i . The r o t a t i o n a l hysteresis i s s t i l l increasing with the applied 
f i e l d and the magnetisation data of Behrendt et a l . (1958) 
confirms that the specimen i s s t i l l magnetised well below the 
knee of the magnetisation curve. Domain walls are therefore 
s t i l l present and these appear to behave as i f they were pinned 
i n some way, moving only when the applied f i e l d exceeds a 
c r i t i c a l value. 
i v . The graphs of K^1 against applied f i e l d (Figure 9.21) would have 
an improbable kink i f the single value of K^1 with the 
appropriate phase (the r e s u l t for 0.27T, Table 9.7) were to be 
given a positive value to represent the change of easy axis 
to 'b'. 
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Since the curve showing the 'b' axis phase i s the most distorted, i t i s 
l i k e l y that the phase change i s a result of the d i s t o r t i o n and not of any 
real change of easy axis. Recent work by Herring et a l . (1973) on 
Dysprosium at 4.2K i n zero f i e l d showed the existence of small domains 
and also that the 'a' axis i s not easy. This suggests that i t i s possible 
that Mg i s p a r a l l e l to the 'b' axis when the specimen i s cooled i n zero 
f i e l d from above the Curie temperature. 
The graphs of K^1 versus applied f i e l d i n Figure 9.21 exhibit a kind 
of hysteresis; the values of K^ ' do not increase u n t i l the applied f i e l d 
passes a c r i t i c a l value, then they increase rapidly and do not f a l l as far 
when the f i e l d i s reduced. Because the distortions i n the torque curve 
are cleared by taking torque curves at higher values of applied f i e l d and 
the clearing process i s accompanied by jumps and severe changes of form, 
i t was f e l t i n i t i a l l y that the cause was sticking of the movement of the 
magnetometer and that the movement was being freed by 'giving i t a good 
r u n 1 . Some time was spent i n establishing that the magnetometer 
movement was quite f r e e l y suspended and that the changes described were 
reproducible i n a general way. 
The hysteresis i n the K^ ' values appears to be closely related to 
the hysteresis of the ferromagnetic domain structure i n Dysprosium 
deduced by Rauch and Zeilinger (1972) from neutron depolarisation 
measurements. For example at 80.2K the mean domain size rises from 
—6 ~6 
approximately 18 x 10 m at 0.05T to 25 x 10 m at 0.12T and remains at 
—6 
about 24 x 10 m as the f i e l d i s again reduced to 0.05T. After taking 
i n t o account the demagnetising f i e l d of the specimen used i n the torque 
measurements, t h i s i s very nearly the range of applied f i e l d over which 
the hysteresis i n the K, 1 value i s observed. 
138. 
The existence of a sort of i n t e r n a l coercive force for the movement 
of domain boundaries i n p o l y c r y s t a l l i n e Dysprosium of about 0.025T at 90K 
i s reported by L o f f l e r and Rauch (1969) and connected by Rauch and 
Zeilinger (1972) with the high i n t r i n s i c coercive force predicted by 
Egami and Graham (1971). This i n t r i n s i c coercive force, which was 
predicted independently by Van den Broek and Z i j l s t r a (1971) should occur 
i n materials where the r a t i o of the anisotropy energy to the exchange 
energy i s large. For such materials the angle between adjacent moments 
i n domain walls i s large, the wall i s t h i n (of the order of 2nm), the 
wa l l energy i s high and the movement of the wall involves the movement 
of in d i v i d u a l spins through a metastable state of higher energy. For 
180 degree walls i n Dysprosium, Egami and Graham estimated a coercive 
force of about 0.1T at absolute zero, t h i s value f a l l i n g o f f rapidly with 
r i s i n g temperature. 
Egami (1971) who has measured the coercive force for Dysprosium 
single crystals at various f i e l d sweep rates, has observed that the 
coercive force rises to a l i m i t i n g value at sweep rates of about 4 Ts * 
and interpreted t h i s l i m i t i n g value as the i n t r i n s i c coercive force of 
the domain walls. The v a r i a t i o n with temperature i s great and at 80K 
the coercive force i s only 0.01T at high sweep rates. Since the quasi-
s t a t i c coercive force may be less than this by one or two orders of 
magnitude, and since t h i s figure i s already much lower than the rasultaot 
f i e l d at which domains s t a r t to grow, or at which K^ ' rises suddenly 
(approx. 0.025T) i t i s un l i k e l y that the hysteresis i n K^ ' values can be 
connected with Egami and Graham's i n t r i n s i c coercive force. 
Near the Curie temperature of Dysprosium, Belov et a l . (1969) 
observed relaxation effects i n the magnetisation of polycrystalline 
139. 
samples with relaxation times of the order of 10 and 10 seconds which 
disappear j u s t below 100K. Rauch and Zeilinger measured even longer 
relaxation times i n the neutron depolarisation factors of single crystals, 
3 
domain structure continuing to change over times of the order of 10 
seconds. Belov et a l . connect the relaxation with the gigantic magneto-
s t r i c t i o n of Dysprosium since similar effects are observed i n Terbium 
and Terbium-Yttrium alloys where the magnetostriction i s large, but they 
are not observed i n Gadolini.um where the magnetostriction i s two orders of 
magnitude less than i n the other materials. Rauch and Zeilinger were 
able to connect the hysteresis effects with magnetostriction by p l o t t i n g 
the neutron depolarisation factors for given applied f i e l d s against 
temperature. On these graphs the metamagnetic t r a n s i t i o n stands out 
clearly by the large stepwise change i n the depolarisation factor. The 
t r a n s i t i o n was found to occur at temperatures 2K higher for r i s i n g 
temperatures than for f a l l i n g temperatures. This i s close to the 
difference i n magnetoelastic energies between the ferro- and a n t i -
ferromagnetic states, calculated to be 2.2K/atom. Similar results for 
hysteresis of t h i s t r a n s i t i o n have been obtained by microwave 
„ absorption (Rossoll et a l . 1965) and neutron d i f f r a c t i o n (Wilkinson et 
a l . 1961). 
I t seems probable therefore that the hysteresis i n values between 
77 and 100K can be regarded as one of a series of phenomena attributable 
to the large magnetostriction of Dysprosium. 
9.6.3 Discussion; Results above 136K 
I n contrast to the results at lower temperatures, the changes 
of axis obtained above 136K were reproducible and the torque curves show 
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no d i s t o r t i o n and l i t t l e r o t a t i o n a l hysteresis. Graphs of against 
applied f i e l d are smooth curves which change sign without discontinuities 
and the changes of easy axis implied by t h i s were regarded with some 
confidence. These changes are plotted i n Figure 9.23. The three points 
were read from Figure 9.22 and the applied f i e l d was adjusted to take 
account of the demagnetisation f i e l d of the Dysprosium e l l i p s o i d . The 
c r i t i c a l f i e l d l i n e i n Figure 9.23 was taken from the results of Behrendt 
et a l . (1958). The l i n e marking the change of easy axis cuts the 
c r i t i c a l f i e l d l i n e at about 132K and the v a l i d i t y of t h i s extrapolation 
i s confirmed by the fact that torque curves for 131K show no change of 
easy axis. 
An apparent change of easy axis might be expected i f the metamagnetic 
t r a n s i t i o n takes place via a series of fan-like moment states i n which the 
directions of the spins are distributed over a s u f f i c i e n t l y large angle. 
Figure 9.24 i l l u s t r a t e s i n a general way how such a fan-like moment 
d i s t r i b u t i o n could give an apparent change of easy axis. The graphs 
represent the anisotropy energy for a single spin, plotted against 
orientation i n the basal plane of the crystal. Thermal effects are 
taken in t o account i n the amplitude of the curve. I n the ferromagnetic 
state 9.24(i) a l l the spins are p a r a l l e l and the observed easy axis is 
the same as that for a single spin. Figure 9.24(ii) and ( i i i ) represent 
hypothetical widely divergent fans of spins, centred on an easy and a 
hard direction respectively. I t can be seen that the t o t a l anisotropy 
energy could be greater i n the former case than the l a t t e r . Thus a 
change of easy axis might be observed which would not represent any 
real change i n the crystal f i e l d . 
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The existence of an intermediate stage i n the approach to saturation i s 
detectable i n the rounding of the magnetic isotherms of Dysprosium at 
temperatures from 130K upwards and at applied f i e l d s high enough to 
eliminate domain effects as an explanation (Behrendt et al 1958). I t 
can be shown th e o r e t i c a l l y (Enz 1960) that when a f i e l d greater than a 
d e f i n i t e c r i t i c a l value i s applied p a r a l l e l to the basal plane of a 
h e l i c a l antiferromagnet such as Dysprosium we can expect the magnetic 
moments of each ferromagnetic layer to deviate from the direction of the 
applied f i e l d by angles which vary sinusoidally with distance along the 
"c" axis. Nagamiya et al (1962) deduced the following relationship for 
the case where there i s no anisotropy i n the basal plane 
0 
Sin " j f 85 § sin(nq Q 4 a) (9.11) 
(Symbols have been altered to agree with later work). 0^ i s the angle 
between the f i e l d and the magnetisation vector of the nth plane p a r a l l e l 
to the basal plane, q Q i s the interlayer turn angle of the corresponding 
helical structure which occurs j u s t below the c r i t i c a l f i e l d at the same 
temperature and a i s a phase angle, § i s an amplitude which i s adjusted 
to minimise the sum of the exchange and Zeeman energies. This structure 
i s i l l u s t r a t e d i n Figure 2.8. 
Kitano and Nagamiya (1964) assumed that the d i s t r i b u t i o n of moments 
represented by equation 9.11 could also be used i n the case where there 
i s anisotropy i n the basal plane which i s not strong enough e n t i r e l y to 
eliminate the fan phase. A term representing the anisotropy energy i s 
derived from 9.11 and included i n the expression for the t o t a l free 
energy, which when minimised gives value of %. 
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I n Dysprosium the anisotropy i n the basal plane w i l l tend to draw 
the magnetisation vectors nearer to the adjacent easy direction and t h i s 
w i l l tend to d i s t o r t the simple sinusoidal fan structure so that additional 
harmonic terms are required on the r i g h t hand side of equation 9.11. For 
s i m p l i c i t y , Kitano and Nagamiya retained only the single sinusoidal term 
of 9.11, but for Dysprosium at temperatures near to 140K t h i s i s 
reasonable. The d i s t o r t i o n of the sinusoidal d i s t r i b u t i o n i s not 
expected to be great since the anisotropy i s small and the interlayer turn 
angle i s not a simple multiple or submultiple of rr/3. Also the neutron 
d i f f r a c t i o n experiments on the h e l i c a l phase of Dysprosium by Wilkinson 
et a l . (1961) showed very weak additional s a t e l l i t e lines only up to 140K 
which suggests that the effect of anisotropy on the simple h e l i c a l 
structure and also therefore on the sinusoidal fan structure i s small 
above t h i s temperature. 
When the applied f i e l d i s p a r a l l e l to an easy axis, the anisotropy e,ntrf)Vj 
of the n'th atomic plane i s 
e = -c.cos6{5 n v n 
where c i s a constant. The average energy (e ) i s then given by 
£1 
e = -~ ) Cos60 =-:§) Cosl2arcsin(|Sin(nq + a)) a N /-> n N L> o 
n n 
where N i s the t o t a l number of planes. 
N i s very large i n a t y p i c a l crystal so that nq Q may be regarded as 
covering the angular range 0-2TT uniformly and may be replaced by a 
continuous variable Y, hence, 
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e a 
2n 
Cosl2arcsin(§SinY)d¥ (9.12a) 
A numerical evaluation of the integral was performed for a series of 
values of 5 between 0 and 0.5 which shows that i t i s negative between 
§ =0.2 and § = 0.445 and positive elsewhere i n the range. These two 
values correspond to fans of t o t a l angular width 46° and 104° respectively. 
Thus for spin structures with t h i s angular width the anisotropy energy 
with the f i e l d p a r a l l e l to an easy axis would be positive and the axis 
would be apparently hard. 
The change of axis would not however be expected when § was exactly 
equal to 0.2 since the expression corresponding to 9.12a when the f i e l d 
i s p a r a l l e l to a hard axis i s 
Here i t i s assumed that the moments o s c i l l a t e sinusoidally about the 
di r e c t i o n of the resultant magnetisation which i s pulled towards an easy 
axis and makes an angle 0 with the applied f i e l d . Also the value of g 
which minimises the energy i n t h i s case i s not necessarily the same as 
that for the easy axis. Hence the sign of the quantity e^ - which 
determines the easy axis w i l l not change sign at the same value of I-
as that for the energy e alone. 
Si 
Use was made of the results of calculations for hexagonal crystals 
given by Kitano and Nagamiya (1964) from which i t was determined that £ 
j u s t above the c r i t i c a l f i e l d would be approximately 0.4 for magnet-
is a t i o n p a r a l l e l to the hard axis and 0.44 for magnetisation parallel to 
easy axis. Both f a l l to zero with increasing applied f i e l d and l i e 
2n 
J 
o 
+c cos6(2arcsin(£sin¥) ~ 0)dY 2n (9.12b) 
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between the l i m i t i n g v a l u e s which l e a d to r e v e r s e d anisotropy energies 
together. Thus a change of easy a x i s i s expected on the b a s i s of t h i s 
theory. 
The theory a l s o p r e d i c t e d t h a t the specimen would be i n a region 
where 0 tended to zero, t h i s being confirmed by the absence of shear from 
the torque c u r v e s . 
I n order to e s t i m a t e £ from the published r e s u l t s i t was necessary 
to o b t a i n v a l u e s of the q u a n t i t i e s 
V 6 
[f<q 0> - f ( o ) } j 2 
X = 
. K>-f ( 2v 
and P = -
K, 
Here i s — ~ r , and jf (q) i s the F o u r i e r transformed exchange i n 'the c 
d i r e c t i o n , q Q being the reduced wave ve c t o r which makes t h i s f u n c t i o n a 
maximum ( s e c t i o n 4.2.1). Values of P2 (2.125) and J 2 [ | ( q Q ) - ^ ( o ) ] 
-21 
(0.32 x 10 J ) were obtained f o r a temperature of 98K from the r e s u l t s 
of Nicklow e t a l (1971) and another v a l u e of J 2 { | ( q o)"|(°)} (°- 2 x 1 0 " 2 1 J ) 
estimated from the r e l a t i o n s h i p 
o A J s a t B po c 
which holds near the Neel temperature. Even supposing t h a t ^ should 
i n c r e a s e t h r e e f o l d and t h a t { ^  ( q Q ) - ^ ( o ) } should decrease t h r e e f o l d , 
v a l u e s of | over 0.3 were obtained a t the c r i t i c a l f i e l d . These are 
h i g h enough to account f o r the change of easy a x i s . The amplitude ? was 
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a l s o estimated d i r e c t l y from the magnetisation above the c r i t i c a l f i e l d , 
making the assumption t h a t the magnitude of the magnetisation of each 
plane does not change g r e a t l y as the moment v e c t o r s r o t a t e i n t o l i n e w i t h 
the a p p l i e d f i e l d . The bulk magnetisation i s then p r o p o r t i o n a l to the 
qua n t i t y , 
whej*nip i s the magnetic moment of each plane. Following an argument 
s i m i l a r to t h a t l e a d i n g to equation 9.12, one obtains an expression for 
the m a g n e t i s a t i o n a t each f i e l d v a l u e , r e l a t i v e to the magnetisation at 
a f i e l d h i g h enough to cause the c o l l a p s e of the fan s t r u c t u r e . 
A t a b l e of v a l u e s of t h i s e x p r e s s i o n was constructed f o r a range of v a l u e s 
of ^ a n d u s i n g the magnet i s a t i o n data of Jew and Legvold i t was confirmed 
t h a t 5 i s approximately 0.45 j u s t above the c r i t i c a l f i e l d , f a l l i n g to 
zero as the f i e l d i n c r e a s e s . I t was a l s o found that at the f i e l d and 
temperature v a l u e s where the easy a x i s i s changing, § i s approximately 
constant but i s n e a r l y 0.3. At t h i s point the i n t e g r a l of equation 9.12 
( a and b) i s j u s t beginning to i n c r e a s e from i t s most negative v a l u e as 
the f i e l d i n c r e a s e s and the amplitude § decreases. I t i s not c e r t a i n 
t h e r e f o r e t h a t the s i n u s o i d a l fan s t r u c t u r e accounts e n t i r e l y f o r the 
change of easy a x i s . 
The change could a l s o be p a r t l y due to the f a c t t h a t the torque 
magnetometer may g i v e f a l s e r e s u l t s for the easy a x i s when, as i n t h i s 
m Ecos0 
P n 
M(T,2H ) c 
M(T,H) 2TT co s 2 (ar cs i n ( £s i n Y ) ) d Y 2TT o 
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c a s e , the specimen i s not s a t u r a t e d . T h i s i s i l l u s t r a t e d i n F i g u r e 9.25 
which shows the m a g n e t i s a t i o n curve f o r 140K from the data of Jew and 
Legvold. The work needed to magnetise the specimen to any given value 
of m a g n e t i s a t i o n i s p r o p o r t i o n a l to the area enclosed between the 
m a g n e t i s a t i o n curve, the m a g n e t i s a t i o n a x i s and a h o r i z o n t a l l i n e through 
the given m a g n e t i s a t i o n v a l u e . For the p a r t of the curve given, the 'a' 
a x i s curve l i e s to the l e f t of the 'b * a x i s curve; the work needed to 
magnetise the specimen to any given i n t e n s i t y of magnetisation i s 
t h e r e f o r e l e s s f o r m a g n e t i s a t i o n p a r a l l e l to the 'a' a x i s and t h i s a x i s 
i s t h e r e f o r e easy. The torque magnetometer however i n d i c a t e s as the easy 
a x i s the one which r e q u i r e s l e a s t work to b r i n g i t i n t o l i n e w i t h the 
a p p l i e d magnetic f i e l d . U s ing the method de s c r i b e d i n s e c t i o n 2.3.1 to 
determine the m a g n e t i s a t i o n produced by a given a p p l i e d f i e l d , i t can be 
seen i n F i g u r e 9.25 t h a t an a p p l i e d f i e l d of 0.95T would produce greater 
m a g n e t i s a t i o n when p a r a l l e l to the 'a' a x i s than when p a r a l l e l to the 
'b' a x i s and the work needed to b r i n g the 'a' a x i s p a r a l l e l to the 
m a g n e t i c f i e l d would exceed t h a t needed to b r i n g the 'b' a x i s p a r a l l e l 
to the f i e l d , the e x t r a work being p r o p o r t i o n a l to the d i f f e r e n c e between 
the tvo a r e a s marked I and I I i n F i g u r e 9.25. Torque magnetometer 
measurements would t h e r e f o r e show up the 'b' a x i s as easy. At higher 
a p p l i e d f i e l d s the a r e a 1 i s s m a l l e r and the a r e a I I i s l a r g e r , t h e r e f o r e 
t h e apparent a n i s o t r o p y would d i e away as the a p p l i e d f i e l d i n c r e a s e s 
and would then reappear w i t h the 'a' a x i s easy. T h i s apparent change of 
easy a x i s would not correspond w i t h any change i n the specimen. The 
r e s u l t s of torque measurements cannot t h e r e f o r e be r e l i e d on to detect 
changes of easy a x i s when the specimen i s unsaturated, when the anisotropy 
i s not s m a l l and when the s t e e p e s t p a r t of the magnetisation curve occurs 
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a t h igh v a l u e s of a p p l i e d f i e l d , thus i n c r e a s i n g areas such as that 
marked I i n F i g u r e 9.24. 
I n the case of Dysprosium a t 140K the measurements of Jew and Legvold 
do appear to show a n i s o t r o p y (and changes of easy a x i s w i t h r i s i n g a p p l i e d 
f i e l d s , although a t higher v a l u e s of a p p l i e d f i e l d than those deduced by 
B l y who took the c r o s s i n g of the 'a' and 'b1 curves to i n d i c a t e the 
change of a x i s ) . These authors d i d not however consider that t h e i r 
r e s u l t s i n d i c a t e d any ani s o t r o p y a t a l l above 110K so t h a t i t i s 
i m p o s s i b l e on t h i s b a s i s to be c e r t a i n how f a r the change of a x i s i s 
a f f e c t e d by the s p e c i a l n a t ure of the measurements w i t h the torque 
magnetometer. I t i s thought more probable t h a t the observed changes are 
due to the angular width of the fan s t r u c t u r e of s p i n s . 
9.6.4 Temperature v a r i a t i o n of f o r Dysprosium 
I t was thought p o s s i b l e a t one stage i n t h i s i n v e s t i g a t i o n 
t h a t changes of easy a x i s i n Dysprosium near the c r i t i c a l f i e l d and at 
s m a l l f i e l d s below the C u r i e temperature might be caused by the d i f f e r e n t 
dependence on ma g n e t i s a t i o n of opposing c o n t r i b u t i o n s to the anisotropy 
from the c r y s t a l f i e l d and m a g n e t o s t r i c t i o n . Thus a small c o n t r i b u t i o n 
from m a g n e t o s t r i c t i o n tending to make the 'b' a x i s easy would d i e away 
more s l o w l y than the c r y s t a l f i e l d c o n t r i b u t i o n and at low magnetisations 
might dominate the anisotropy1 Accordingly, attempts were made to f i t a 
f u n c t i o n of the form given below i n equation 9.13 to v a l u e s of for 
Dysprosium. 
K 4 = K 4 ( 0 ) { ( 1 + x ) I 1 3 / 2 ( z ) - x l 5 / 2 ( z ) . l 9 / 2 ( z ) } (9.13) 
I 
! T a b l e 9.8 
Dysprosium: K. v a l u e s from Feron and s i n g l e - i o n f u n c t i o n s 
Temp/K K 4 / J k g _ 1 I 5 / 2 ( Z ) I 9 / 2 ( Z ) I 1 3 / 2 ( z ) 
- 1 2 4 . 6 9 ( 0 . 9 5 1 I 1 3 / 2 ( z ) + 
0 . 0 4 9 I 9 / 2 ( z ) . I 5 / 2 ( z ) ) 
2.45 -128.6 0.998948 0.996499 0.99267 -123.79 
4. 945 -128.6 0.998159 0.993876 0.98719 -123.12 
10,43 -124.4 0.995122 0.983832 0.96635 -120.57 
20.24 -98.24 0.982898 0.944123 0.88627 -110.76 
30.43 -89.76 0.95996 0.872684 0.75136 -94.21 
40 -75.62 0.931676 0.789985 0.60986 -76.8 
i 50.31 -57.25 0.89476 0.69071 0.46069 -58.4 
50.31 -55.83 0.89476 0.69071 0.46069 -58.4 
55.21 -49.5 0.874961 0.641362 0.39487 -50.25 
55.21 -51.6 0.874961 0.641362 0.39487 -50.25 
60.123 -42.4 0.851953 0.587322 0.32906 -42.08 
60.123 -43.1 0.851953 0.587322 0.32906 ••42.08 
65.4 -33.9 0.829344 0.537574 0.27422 -35.24 
65.4 -36 0.829344 0.537574 0.27422 -35.24 
70.06 -29.7 0.802172 0.482029 0.21938 -28.38 
72.6 -24.7 0.7895 0.457677 0.19744 -25.62 
73 -26.8 0.7895 0.457677 0.19,744 -25.62 
75.1 -23.3 0.775485 0.431798 0.1755 -22.86 
75.1 -26.8 0.775485 0.431798 0.1755 -22.86 
77.3 
i 
-21.2 0.763819 0.411137 0.159 -20.77 
77.3 -24 0.763819 0.411137 0.159 -20.77 
80.4 -16.96 0.746468 0.381816 0.1371 -18,00 
80.4 -18.09 0.746468 0.381816 0.1371 -18.00 
85.3 -13.43 0.718353 0.337752 0.1075 -14.23 
85.3 -15.55 0.718353 0.337752 0.1075 -14.23 
90.2 -9.47 0.68798 0.294698 0.0823 -11.00 
90.2 -10.6 0.68798 0.294698 0.0823 -11.00 
95.1 -7.77 0.662902 0.262494 0.0658 -8.86 
95.5 -8.48 0.662902 0.262494 0.0658 -8.86 
100.6 -5.654 0.623624 0.217681 0.04607 -6.29 
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I f i s approximately equal to 6, t h i s f u n c t i o n would change s i g n at x 
A 
the a p p r o p r i a t e magnetisation. Values of and ^ 3 / 2 w e r e obtained from 
the r e s u l t s of Feron (1969), the r e l a t e d f u n c t i o n s were c a l c u l a t e d 
( T a b l e 9.8) and an attempt was made to f i t the experimental v a l u e s of 
to the f u n c t i o n above. F i t t i n g was c a r r i e d out by a d j u s t i n g the value 
of K^(0) to minimise the sum of the squares of the errors, the sum of the 
squares of the f r a c t i o n a l e r r o r s and the sum of the products o f the e r r o r s 
and f r a c t i o n a l e r r o r s . I n a d d i t i o n the t h e o r e t i c a l and experimental 
v a l u e s were t r e a t e d i n t u r n as the independent v a r i a b l e . The r e s u l t s 
were c o n s i s t e n t i n showing- t h a t the e r r o r s i n f i t t i n g i n c r e a s e d with 
p o s i t i v e v a l u e s of x. The b e s t f i t t i n g equation was 
K 4 = -124.69{0.951 \ 3 / 2 ^ z ) + ° - ° 4 9 I 5 / 2 ( z ) ' I 9 / 2 ( z ) ^ 
The c o n t r i b u t i o n from m a g n e t o s t r i c t i o n i s the same s i g n as t h a t from the 
c r y s t a l f i e l d . The hypothesis above i s t h e r e f o r e not supported. 
9•7 Dysprosium: Conclusions 
The changes of easy a x i s observed by E l y are not confirmed at 
temperatures near the C u r i e temperature. Changes do occur a t higher 
temperatures but these may be explained without any r e a l change i n the 
m i c r o s c o p i c easy d i r e c t i o n as experienced by an i n d i v i d u a l atomic moment. 
Recent o b s e r v a t i o n s by H e r r i n g e t a l . (1973) on domain p a t t e r n s 
at 4K suggest t h a t i n zero f i e l d the 'a' a x i s i s not n e c e s s a r i l y easy. 
T h i s i s s t i l l unexplained. 
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9.8 Suggestions f o r F u r t h e r Work 
The present i n v e s t i g a t i o n could be extended by making measurements 
a t lower temperatures. T h i s would allow the comparison of t h e o r e t i c a l 
f u n c t i o n s w i t h the temperature v a r i a t i o n of and the determination of 
K ^ ( 0 ) to be made w i t h g r e a t e r p r e c i s i o n but would i n v o l v e the use of a 
l a r g e r electromagnet to accommodate the n e c e s s a r y double Dewar v e s s e l s . 
A l a r g e r electromagnet i s a l s o r e q u i r e d to i n c r e a s e the magnetic f i e l d s 
a v a i l a b l e and to improve the r e l i a b i l i t y of the e x t r a p o l a t e d v a l u e s of 
V 
The use of lower temperatures and higher magnetic f i e l d s would 
r a i s e the torques to be measured and would i n v o l v e a r a d i c a l r e d e s i g n of 
the torque magnetometer. The use of a r i g i d suspension with piezo 
e l e c t r i c t r a n s d u c e r s to measure the torque has been attempted by B l y 
(1967) but was hindered by e l e c t r i c a l n o i s e . Modern transducers and 
s i g n a l r e c o v e r y methods would probably allow the s u c c e s s f u l c o n s t r u c t i o n 
of such an instrument. I t could be made p o r t a b l e and used w i t h a 
v a r i e t y of magnets i n c l u d i n g l a r g e f i x e d magnets. The p o s s i b i l i t y of 
u s i n g the instrument w i t h a p u l s e d magnet and v e r y high f i e l d s i s 
a t t r a c t i v e and would permit the i n v e s t i g a t i o n of the constants K,0° and K for the " c " a x i s a n i s o t r o p y of the Terbium Scandium a l l o y s . 
There i s some s i m i l a r i t y between the e f f e c t s on the magnetic 
p r o p e r t i e s of Terbium by d i l u t i o n w i t h Scandium and those produced by 
h y d r o s t a t i c p r e s s u r e (Wollan 1967). I t i s suggestive t h a t the p r e s s u r e 
which causes the same r e d u c t i o n i n the Neel temperature as t h a t caused 
by 30 a t . % of Scandium ( B a r t h o l i n and Bloch 1968; McWhan and Stevens 
1967) i s of the same order of magnitude as t h a t p r e s s u r e which 
IV). 
Tatsumoto et a l . (1968) e s t i m a t e d would reduce the e f f e c t i v e moment of 
Terbium i o n s by one Bohr magneton. A f a l l i n the e f f e c t i v e moment of 
Terbium ions i s observed as the proportion of Scandium i n c r e a s e s from 
10 a t 1 to 30 at % ( C h a t t e r j e e and Corner 1971). I t i s p o s s i b l e t h a t 
t h i s shows a l o s s of l a r g e numbers of 4f e l e c t r o n s to the conduction band. 
The f a c t t h a t the a c t u a l v a l u e s of e f f e c t i v e moment are higher than t h a i 
f o r pure Terbium could be accounted f o r by the high p o l a x i s a b i l i t y of 
the Scandium d e l e c t r o n gas (Wohlleben ] 968). The marked drop i n 
a n i s o t r o p y could be connected w i t h the presence of i n c r e a s i n g numbers of 
Terbium i o n s having i s o t r o p i c 4 f s h e l l s . 
R e s i s t i v i t y measurements on Terbium-Scandium a l l o y s might t h e r e f o r e 
be of i n t e r e s t . Anisotropy, magnetisation, m a g n e t o s t r i c t i o n and 
neutron d i f f r a c t i o n experiments on a l l o y s of Scandium w i t h Dysprosium 
would a l l o w comparison w i t h the behaviour of an io n which does not l o s e 
i t s a n i s o t r o p i c c h a r a c t e r when i t l o s e s a f u r t h e r e l e c t r o n . 
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APPENDIX I 
KAY 4!PROCEDURE OPTIONS (MAIN) ; /* ANALYSIS CF TFRCUE CURVES */ 
DECLARE(A(2,6),AMP{2,6),AD(2),CALIB,CIFF,DY,HYST,K4,LL,PHASE(2,6), 
PRODS(2,2,6 ) ,RCRS(2,36),RMS(2)»RS(^,3 6),SCALE,TRIG(2, 6,3o), 
WT) DEC FLGAT (6) , 
(I,J,K,L,NC,SW) BINARY FIXED (15,0), 
(DATE) CHAFACTER (15) ; 
/* THIS SECTION STCPES THE SINES ANC COSINES CF 2,4,6 ,8,10,12, */ 
/* PHI AT FIVE DEGREE INTERVALS OVER THE RANGE 0 TC 180 DEGS. */ 
SETUP: DO 1>1 BY 1 TC 6 ; 
DO J = l 8Y I TO 36 J 
TRIG(3,L,J) = SIND(10*L*(J-3)) ; 
TRIG(2,L,J) = CnSC(10¥L*(J-X)) ; 
END ; 
END ; 
ON CONVERSION PUT LI ST(CNSOURCE ,CNCHAR) ; 
/* DATA CARDS SriLULD BE CF THE FOLLOWING FCPM :- */ 
/* THE FIRST CARD SHCULD CARRY THE CALIBRATION CONSTANT CF THE */ 
/* PAGNE rC,wETEP IN PER VCLT AND THE SPECIMEN'S ''.ASS IN Kf. */ 
/* CAKD NO.2 HAS The DATE IN SINGLE INVERTED CCNMAS.THE */ 
/* NUMBER Cc THE GRAPH* THE SCALE FACTOR Or THE X-Y FECCPDER IN */ 
/* VOLTS PFR INCH, THE DISPLACEMENT DY OF THE END OF THE AXIS -*/ 
f* OF THE GRATICULE AND LL THE LENGTH OF THE AXIS BETWEEN THE */ 
/* ZERO AND J7b DEGREE ^APKS, BOTH IN CMS. CARDS 3 TC 5 CARRY */ 
/* 36 CLOCKWISE READINGS ANC CARDS 6 TO G CARRY 36 ANTICLOCKWISE*/ 
/* READINGS STARTING AT THE 0 DEG END OF THE GFAT1CULE. CARO */ 
/* NU.Q IS THE DATh CARD FOP THE NEXT GRAPh .DATA ITEMS SHOULD */ 
/* CI SEPARATED eY SPACES AND THE LAST ITEM ON A CARD SHCULD BE */ 
/* 3E FOLLOWED BY A COMMA . */ 
GET LIST(CALIB,HT) ; 
START: SK=0 ; 
ON ENDFILEtSCAPCS) GC TO LAST ; 
GET LIST(DATE,NL,SCALE,DY,LL,((RS(I ,J)DO J=i TC 36)DG 1=1,2)); 
PUT EDIT(DATE/' NU'-'BEP 1 , N'O,' SCALE ', SCALE, « V/INCH ', 
*DY= «,CY,' LL = «,LL) (PACE,A(16) ,X(2),A(81, F(4,0),X(2), 
A ( 7 ) , F ( 5 , 2 ) , x m , A ( Q ) , X ( I ) , A ( 4 ) , F ( 6 , 2 ) , X ( 2 ) , A ( 5 ) , 
F (6,2 ) ) ; 
PUT EDIT ( * ME ASUP-tD VALUES' ) (SK!P»A()8>) ; 
PUT EOIT('CW.PDGS.',kS(l,*),' ACV<.RDGS.4, PS (2 , * )) 
(2(SKIP,A(8),12(X(2),F(6,2)),2(SKIP,X(8),12(X(2),F(6,2))))); 
/* THE NEXT DO GcOUP CCPRECTS FCR SHEAR IN Tht CURVE */ 
IF DY>0.01 THEN CO5 
DO 1= 1,2 ; 
DO J=l BY 1 TO 36 ; 
RS(I , J) = (COS(ATAN(DY,LL)))*(PS(I,JH((J-l)*DY/35))5 
END ; 
END ; 
PUT EDIT ('VALUES CCRRECTED FCR SHEAR')(SKIP»A(27J) ; 
PUT EOIT( 'Cln.CDGS.' ,PS(l,*» ,'ACW.RDGS.' ,RS(2,*)) 
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( 2(SKIP,A(8),12(X ( 2>,F(6 , 2 n , 2(SKIP,X(8),12(X ( 2)tF(6t2)))>); 
E N D ; 
/* THE NEXT SECTION GOES THE SUMMATION FOR THE FOUPIER ANALYSIS */ 
CALC: DO 1=1,2 ; 
DO K=i , 2 ; 
DC L = l BY 1 TG 6 ; 
PRODS(K,I» L) = {SUM(RS(I»*)*TPIG(K»L»*>))/J8 ; 
END ; 
END« 
E N D ; 
/* THE NEXT SECTIOh FINDS THE MEAN VALUES AND FINISHES OFF THE */ 
/* CALCLLATIPN OF THE AMPLITUDES AND ThE PHASES. =»/ 
CO 1=1,2 ; 
AO(I) = (SUM(PSU ,*) ) )/36 ; 
DO L=i BY 1 TC 6 ; 
~ A ( I , L ) = SCRT( (PRODSd , I,L) )*~2 + ( PRODS ( 2 , I , L )) **2 ) ; 
AMP(I,L) =(A(I,L)#CALIB*SCALE)/(WT*2.54) ; 
PHASE(I»L) = ATAND(PRCDS(2,I,L),PPGDS<1,I,L))/(2*L); 
END ; 
END ; 
/* THIS NI-XT SECTION FINDS THE WORK NEEDED TO RCTATfc THE */ 
/* SPECIMEN THROUGH 360 DEGREES AND THE MEAN K4 */ 
HYST = (AC(2J-A0(l))*SCALE*CALIB*6.2832/(ViT*2.5A) ; 
K4 = (AVP(1,3H-AMP(2,3) )/12 ; 
/* THE NEXT SECTION CALCULATE-S THE VALUES OF THE CRDINATES */ 
/* USING THE AMPLITUDES AND PHASES OF THE- 2,4,6,12 FOLD */ 
/* COMPONENTS CNLY. */ 
RCRS = 0 ; 
DO 1 = 1 , ? ; 
P.CRSU,*) = AO(I) ; 
DO J = l BY. 1 TO 36 ; 
DO L=l , 2,3,6 ; 
PCRSd »J)=RCRS(I, J)H A (I,L)*SIND ( 2*L*(5* ( J-1} + PHASE(I,L))); 
END ; 
END ; 
ENC; 
PUT EDIT('VALUES CALC FROM 2,4,6,12 FOLO COMPONENTS') 
(SKIP,A(45M ; 
PUT EOIT('CS.RCS.',PCRS(1,*),•ACW.RS.1,RCRS(2,*)) 
( 2(SKIP,A(S ) , i 2(X(2),F(6,2 ) ) , 2(SKIP,X(8),i2<X ( 2),F(6 , 2 ) ) > ) ) ; 
/* THE NEXT SECTION FINDS THE RMS ERPOR. */ 
DO 1=1,2 ; 
RMS(I)=0 ; 
DC J=l BY I TO 36 ; 
RMS(IJ=PMS(I)+<RS(I,J)-RCRS<1,J))**2 ; 
END r 
RMS(I)= SCRT(RMS(I)/36) ; 
END ; 
PUT EDITCf'FAN', '2FCLD', • 4FCLD•, ' 6^0LC', ' 8FOLD', »1OFOLD' , 
' 12 FGLD' AMPS(CW) • ,A0(1 )» A MP(1,* )» •PHASE(CW) 
PHAStd,*) , «AMPS( ACW) • ,A3<2) ,A«P<2,*),•PHASE<ACW) • , 
PHASE(2,*))(SKIP,X(18),7(X(4),A(7)) ,2(SKIP,A(1«) , 
7 ( X { l ) , E ( l C , 3 ) > , S K I P , A ( 1 8 ) , X ( l l ) , 6 ( X ( i ) , E ( 1 0 , 3 ) ) > ) ; 
PUT SKIP EDIT( "HYSTERESIS ESTIMATE = «,HYST,« JKG-'i PER REV 
•MEAN K4= ',K4 »' JKG-IS'RMS ERROR - 1 
RMS)(X(5),A(22),£(1C,3),X(2) ,A(14),SKI»,X(17) , 
A(J0),E(10,3),X(<?),A(7),SKIP,X(16),A(12), 
E(10,3),X(3),E(10,3) ) ; 
/* THIS SECTION EXCHANGES ThE FIPST ANC LAST ThELVE RCGS. */ 
/* OF THE CW. AND ACW. CURVES WITH SUITABLE DISPLACEMENT. */ 
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IF SW=1 THFN GO TC START; 
OIFF = 0 ; 
DO J = 13 BY 1 TO 24 ; 
OIFF = OIFF 4 <PS(2,J) - RSCifJJ) ; 
END; 
DO J s 1 BY 1 TO 12 ; 
RS<1,J) = RS(2,J) - DIFF/3Z ; 
RS(2,(24+J)) = PS(1,(24+J)) + CIFF/12 ; 
END ; 
PUT EDIT('VALUES PESHAPLD')(SKIP,A(16))» 
PUT cDIT('CW.RDGS.•,PS<1,*)t•ACH.RDCS.•,RS(2,*)) 
(2(SKIP,A(8>,12(X(?) TF(6,?)),2(SKIP,X(8),12(X(2),F<6,?))))); 
SW = Sw + 1 ; 
GO TO CALC ; 
LAST: END KAY4 ; 
161 
APPENDIX I I 
NORMALISED HYPERBOLIC BESSEL FUNCTIONS OF 2 FRCM 0 TO 150 
CRDER 
z 3 / 2 5 /2 9 / 2 13 /2 < 5 / 2 ) X ( 9 / 2 > 
0 .05 
v . 10 
C I S 
O . i O 
0 . 2 5 
0 .016663 0 .000166 0 .000000 0.000000 O.COOOOO 
0 .033311 O.OCO606 o.oooocc 0.000000 o.cooooo 
0.C49925 0.0C1496 c .000000 c .000000 o.cooooo 
0.C664B9 0 .00265o c .000001 0 .000000 0 .000000 
0.C82988 0.0C4142 0.0C0004 0 .000000 o.ocoooo 
0 . 3 0 0 .099405 0 .005949 0 .000008 0 .000000 0 .000000 
0 . 35 | 0 .115724 0 .008072 0.C0CO15 0 .000000 O.GCOOOO 
C. 40 , 
• t i 
0 .131932 0 .010506 C.000026 c.cooooo O.COOOCO 
u • 'i 5 
\j . 5*0 L 
. _ f 
0 .148013 0 .013244 C.000042 c.ccoooo O.OOOOCO 
0 .163953 0 .016279 C.000064 0 .000000 C.C000C1 
, i . . :s , C.179739 0 . 0 l 9 6 0 2 0 .000093 o.cooooo 0 . 0 0 0 0 0 1 
j O . £o 0 .195358 0 .023205 0 .000131 0 .000000 0 .000003 
'jO. 65 0 .210799 0.027C79 C.000179 0 .000000 0 . 0 0 0 0 0 * 
I O . 10 , 0 .226050 0 .031213 0 .000239 0 .000000 0 .000007 
, 0 . 7 J* i 0 .241100 0 .035597 C.000313 0 .000001 0 . 0 0 0 0 1 1 
0 . t o 0 .25594C 0 .040222 C.000401 c .000001 O.OOOOiC 
| 0 . (, i> 0 . 2 7 0 5 6 1 0 .045075 0 .000507 0 .000002 0 .000022 
; o. 0 .284956 0 .050146 C.000631 0 .000003 0 .C00031 
o . >t 0 .299116 0 .055422 0 .000775 0 .000004 0 .000042 
1 . [ 0 .313035 0.06C8O4 0 .000942 0 .000006 0 .000057 
l . O i 0 .3267C3 0 .066548 0 .001132 0 .000006 0 .0000 75 
1 • i o 0 .340129 0 .072373 0 .001347 0 .000011 . 0 . 0 0 0 0 9 7 
1 . U 0 .353296 0 .078357 0 .001590 0 .000014 0 .000124 
• 1.20 0 .366204 0 .084489 0 .001861 0 .000018 O.UOO,57 
1 .2 - 0 .378850 0 .090757 0 .002163 0 .000023 0.0001'96 
* . - 4 0 0 . 3 9 1 2 3 4 0 .097150 0 .00249o C.000028 0 .000242 
1 . ;5 0 .403354 0 .103657 0.002&63 0 .000035 0 .000296 
J . -«y 0 .415208 0 .110266 0 .003265 0 .000043 0 .000360 
• x • m t> , 0 .426798 0 .116967 0 .003702 0 .000053 0 .000433 
1 . 50 
l . - s i ' 
i . f O , 
0 .438124 0 .123750 C.004177 0 .000063 0 . 0 0 0 5 K 
C. M 9 1 6 7 0 .130&04 0 .004669 0 .000076 0.00063 2 
0 .459988 0 . 1 3 7 5 2 1 0 .005241 0 .000091 0.CCC72C 
0.47C53C 0 .144489 0 .005834 0.C0O107 0 .000843 
' I . 7 0 0 .480815 0 . 1 5 1 5 0 1 0 .006468 0 .000126 0.00C979 
J • o , 
l . b C | 
0 .490846 0 .158548 0 .007143 0 .000147 C.001132 
0.5C0627 0 .165621 C.007861 0 .000171 0 .00130? 
1 . 0 .510160 0 .172713 0 .008623 0 .000198 0.C01489 
i . f /0 1 0 .519449 0 .179816 C.009428 0 .000228 0 .001695 
I 1.9 'J f 0 .528499 0 .186923 0 . 0 i 0 2 7 7 0 .000261 0 .001921 
2.00 0 .537314 0 .194027 0.C1117C 0.C00298 O.C02167 
I ' . 0 5 , 0 .545899 0 .201123 0 .012108 C.000338 0 .002435 
| 2 . lO 0 .554257 0 .208203 0 .013091 0 .000383 0 .002725 
i i . 1 0 .562394 0 .215264 0 .014119 0 .000432 0 . 0 0 3 0 3 « 
2 . 2 0 0 .570314 0 .222298 0 . 0 1 5 i 9 2 0 .00048b 0 .003377 
i . t 1 : 0.576023 0 .229302 0 .016309 0.C00544 C.OO;73«5 
\l.iQ 0 .585525 0 . 2 3 6 2 7 1 0 . 0 1 7 4 7 1 0 .000607 0 .004127 
' 2 . 3 5 0 .592825 0 . 2 4 3 2 0 1 0 .018677 0 .000676 0 .004542 
2 . 40 0 .599929 0.250C88 C.019927 0 .000750 0.CC49G? 
45 C.606841 0 .256928 0 .021221 C.000830 0 .005452 
2 .5U ' 0 .613567 0 .263719 C.022558 C.000917 0 .005949 
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NORMALISED HYPFRBOLIC BESSEL FUNCTIONS OF Z FPCM 0 TO 15C 
CROER 
3 /2 5/2 9 / 2 13 /2 ( 5 / 2 ) X I 9 / 2 ) 
0 .626478 0 .277139 0 .025360 0 .001108 0.C07028 
0 .638703 0 .290329 0 .028328 0 .001328 0 .008224 
C.65028C 0 . 3 0 3 2 7 1 C.C31459 0.00157(3 0.CC954C 
C.661245 0 .315952 0 .034745 0 . 0 0 i 8 5 o 0 .010977 
0 . 6 7 ) 6 3 6 0 .328363 0 .038180 0 .002169 0 .012537 
0 .681486 0 .340496 C.041759 0 .002517 0 .014219 
0.69G828 0 .352348 0 .045475 0 .002901 0 .016023 
0 .699694 0 .363914 0 .049320 0 .003324 0 .017948 
C.7C8112 0 .375194 0 .053287 0 .00376f t 0 .019993 
0 . 7 1 6 1 1 1 0 .386190 C.057369 0 .004289 0 .022155 
0 .723716 0 .396902 0.C61559 0 .004834 0.C24433 
0 .730952 0.4C7335 0 .065849 0 .005422 0-026822 
0 .737843 0 . 4 1 7 4 9 1 0 .070233 0 .006055 0.029223 
0.7444C9 0 .427377 0 .074702 0 .006732 0 .031926 
0 . 7 5 0 6 7 1 0 .436996 0 .079252 0 .007455 0 .034632 
0 .756647 0 .446355 0 .083874 C.C0B225 0 .037437 
0 .762354 0 . 4 5 5 4 6 1 0 .088562 0 . 0 0 9 0 4 1 0 .040336 
0 .767810 0 .464318 0 .093310 0.CO99O5 0 .043325 
0 .773028 0 .472934 C . 0 9 8 U 2 0 .010816 0.0464C0 
0 .778024 0 .481316 0 .102962 0 .011775 0.C49557 
0 .78281C 0 . 4 8 9 4 7 1 0 .107854 0 .012781 0 . 0 5 2 7 9 1 
0 .787399 C.497404 C.112783 0 .013835 0 .056098 
0 .791802 0.5C5123 C.117744 0 .014937 0.C59475 
0 .796029 0 .512635 0 .122731 0 .016085 0 .062916 
0 .800090 0 .519945 0 .12774? 0 . 0 1 7 2 8 1 0 .066418 
0 .803995 0 .527C61 C.132770 0 .018523 0 .0o9977 
0 .807753 0 . 5 3 3 9 8 8 0 .137811 0 .019811 0 .073589 
0 .811370 0 .540733 0 .142863 0 .021145 0 .C77251 
0 .814855 0 .547302 0 . 1 4 7 9 2 1 0 .022523 0 .080957 
0 .818215 0.55370C 0 .152981 0 .02394o 0 .084705 
0 .821455 0 .559934 C.156041 C.025412 0.C38492 
0 .824583 0.5&6C08 C.1630Q7 0 .026921 0 .092314 
0 .827604 0 .571928 0 .168146 0 .028472 0 .096167 
0 .830523 0 .577699 0 .173186 0 .030065 0 .100049 
0 .833345 0 .583327 C.178214 0 .031697 0.103<=57 
0 .836075 0 .588815 0 .183228 0 .033369 0 .107887 
0 .838717 0 .594168 0 .188225 0 .035079 0 . J11837 
0 .841276 0 .599392 0 .193204 0 .036827 0 .115805 
0 .843755 0 .6C4489 0 .193163 0 .038611 0 .1j97e7 
0 .846158 0 .609465 0 .203100 C.040431 0 .123782 
0 .648488 0 . 6 1 4 3 2 3 0 .208013 0 .042285 0 .127787 
0 .850749 0.619C67 0 . 2 1 2 9 0 1 0 .044172 0.13180C 
0 .852943 C.623701 0 .217763 0 .046092 0 .135819 
0.e55074 0 .628228 C.222597 0 .048044 0 . 1 3 9 8 4 1 
0 .857144 0 .632652 0 .22740? 0 .050026 0 .143366 
0 .859156 0 .63o976 0 .232177 0 .052037 0 . 1 4 7 8 9 1 
0 .861112 0 .641203 C.236921 0 .054077 0 .151915 
0 .863014 0 .645336 0 .241634 0 .056145 0 .155935 
0 .864865 0 .649378 0.<.46314 0.C58238 0 . 1 5 9 5 5 1 
0 .866667 0 .653333 C.250961 0 .060357 0 . 1 6 3 9 6 1 
\Z.iO' 
U . 7 0 . • i.eoi 
:.«o', 
j*oo| 
?. i o, 
J.20 
J . 30, 
3 . 40 1 
3 . 5 0 
2 . eo' 
o. 70 ' 
2 . ( 0 ' 
3 . 9 0 I 
4 . 0 0 I 
4 . 10 
4 . 2 0 1 
4 . S O ' 
, 4 . 4 0 
14.50 
4 . 6 0 
4 . 7 0 
4 .80 
4 . 90 
5 . 0 0 
5. 10 
5 . 2 0 
? . 3 0 1 
5. 40 i 
1 5 . 5 0 i 
5 . 6 0 
1 5 .70 
5 . 8 0 ' 
i5.<»0 
16. 
, 6 . 1 0 
| 6 . 20 
16 .30 
6 . 4 0 
, 6 . '-0 
. 6 . 4 0 
! 6\ 70 
! 6 . so 
6 . « 0 
' 7. 00 
7 . 1 0 
7 . 2 0 
7 . 3 0 
7 . 4 0 
| 7 . to 
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NORMALISED HYPERBOLIC BESSEL FUNCTIONS OF Z FRCM 0 TO 150 
ORDER 
I 3 /2 5/2 9 / 2 13 /2 ( 5 / 2 ) X ( 9 / 2 ) 
0 . 8 6 5 2 8 1 "0 .659105 0 .257869 0 .063581 0 .169962 
7 . ao 
7 . $5 
0 .671795 0 .664694 0 .264698 0 .066857 0 .175943 
0 .874214 0.67C107 0 .271449 0 .070181 0.1819C0 
8 . 1 0 0 .876543 0 .675354 C.278118 0 .073550 0 .187823 
e.'fc:>, 0 .878788 0 .680440 0.<: 84707 0 . 0 7 6 9 6 1 0.1.93726 
fa.40 \ 
, I'.i'j 
C.880952 0 .685374 0 .291214 0 .080412 0.19959C 
0 . 8 8 3 0 4 1 0 .690161 0 .297638 0 .083898 0 .205418 
i e : 7 0 0 .885057 0 .694807 0 .303980 0 .087418 0 .211207 
84 85 1 0.887005 0.69932C 0 .310239 C.C9C969 0 .216956 
• - 3 , 0 0 ; 0 .888886 0 .703703 0 .316415 0 .094548 0 .222662 
9 .15 0 .890710 0 .707963 0 .322508 0 ,098152 0 .228324 
1 9'. JO, 0 .892473 0 .712105 C.328519 0 .101780 0 .233910 
9.45* 0 .894179 0 .716133 0 .334449 0 .105428 0.23O510 
1 9 . 6 0 0 .895833 0 .720052 0 .340297 0 .109094 C.245031 
1 0 .75 0 .897435 0 .723865 C.346065 0 .112776 0 .250504 
ft. 90 0 .898989 0 .727578 0.35175*2 0 .116473 0 .255927 
| 1 0 . 0 5 C.900497 0 .731194 C.35736C C.120182 C.2613C0 
1 0 . 2 0 0.9C1960 0 .734717 0 .362890 0 .123901 0 . 2 6 6 6 2 1 
1 0 . 3 5 C.903381 0 .738150 0 .368342 0 .127628 0 .271892 
1 K . 5 0 0 . 9 0 4 7 6 1 0 .741496 0 .373717 0 .131362 0 .277110 
10.t>5 0 .906103 0 .744759 0 .379017 0 . 1 3 5 1 0 1 0 .282276 
1O. bO. 0 .907407 0 .747942 0 .384241 0 .138844 0 .237390 
10 .95 C.9C8675 0 .751047 0 .389392 0 .142588 0 .292452 
• 1 1 . 1 0 0 . 9 0 9 9 0 9 0 .754078 0 .394470 0 .146332 0 . 2 9 7 4 6 1 
li.ii- 0 . 9 1 1 1 1 1 0 .757037 C.399476 0 .150076 0 .302416 
1I.4O, C.91228C 0 .759926 0 .404412 0 .153817 0 .307323 
1 1 . 5 5 0 .913419 0 .7627*8 C.409277 0 .157555 0 .312175 
1 1 . 7 0 0 .914529 0 .765505 C.414074 0 .161289 0 .316976 1 u . 65 0 . 9 1 5 6 1 1 0 .768199 0 .418803 0 . J65016 0 .321724 
12 .00 0 .916666 C.77C833 C.423466 0 .168737 0 .326422 
1 2 . 1 5 0 .917695 0 .773408 C.428063 0 .172450 0 .332067 
1 2 . 3 0 0 . 9 1 8 6 9 9 0 .775927 0 .432595 0 .176154 0 .335662 
12 . 45 0 .919678 C.77339C 0 .437065 0 .179849 0 .340207 
12.eo 0 .920634 0 . 7 8 0 8 0 1 0 . 4 4 1 4 7 1 0 .183533 0 . 3 4 4 7 0 1 
1 2 . 7 5 , C.921568 0 .7831o0 0 .445816 0 .187206 0 .349146 
l i . 90, 0 .922480 0 .785469 C.450101 C.190867 0 . 3 5 3 5 * 1 
| 13.Ot, 0 . 9 2 3 3 7 1 0 .787730 0 .454327 0 .194516 0 .357887 
1 3 . 2 0 C.924242 0 .789944 0 .458494 0 .198151 0 .362185 
i 3 . 3 S C.925093 0 .792113 C.462604 C.201773 0 .366435 
! 1 3 . 5 0 0 .925925 0 .794238 0 .466657 0.2C5380 0 . 3 7 0 f 37 
! 12.65 C.926739 0 .796320 C.47C655 0 .208972 0 . J74792 
1 3 . 8 0 0 .927536 0 . 7 9 8 3 6 1 0 .474599 0 .212549 0 .3789C1 
1 J . 9 5 \ C. 9<:8315 0 .800362 0 .478489 0 .216109 0 .332964 
14 .10 • 0 .929078 0 .802323 C. ' t82326 0 .219654 0 .386982 
0 .929824 0 .804247 C.486112 0 .223181 C.390954 
1-4.1O C.93C555 0 .806134 0 .489847 0 .226692 0 .394682 
1 14 . "35 0 . 9 3 1 2 7 1 0 .807985 0 .493632 0 .230185 0 .398766 
1 4 . 7 0 C.931972 C.8C98G1 0 . 4 9 n 6 8 0 .233660 0 .402607 
i \ . 0 0 ; 
0 .932659 0 .811583 0 .500755 0 .237118 0 .406405 
0 .933333 0 .813333 C.5C4296 0 .240557 0 .410160 
164 
NORMALISED HYPERBOLIC BESSEL FUNCTIONS OF Z FRCM 0 TO 150 
CKCER 
3 /2 5 /2 9 / 2 13/2 < 5 / 2 ) X ( 9 / 2 ) 
15 .20 0 .934210 0 .81561b 0 .508944 0.245113 0 .415103 
15 .4& 0 .935064 0 .817844 C.513512 0 .249636 0 .419973 
19 .60 0 .935897 0 .820019 0 .518000 0.254125 0.42477C 
15 . 60 C.936708 0.8,42143 0 .522412 0 .258579 0 .429498 
1 6 . OC 0 .937500 0 .824218 0 .526748 0 .262999 0 .434156 
16.<:0 0 . 9 3 8 2 7 1 0 .326245 0 .531011 0 .267334 0 .438745 
lfc.<iO 0 .939024 0 .828227 C.5352C2 0.271733 0 .443268 
,it.6*0 0 .939759 0 .830164 C.539322 0 .276047 0 .447726 
i 6 . o G 0 .940476 0 .832057 0 .543374 0 .280326 0 .452119 
17 .00 0 .941176 0 .833-no C.547359 0 .284569 0 .456448 
, 1 7 . 2 0 0 .941860 0 .835722 0 .551278 0 .288776 0 .460715 
1 7.40 
i7.<so 
0 .942528 0.8374<.5 0 .555133 0 .292947 0 .464921 
0 . 9 4 3 1 8 1 0 .839230 0 .559926 0 .297083 0 . 4 6 9 0 i S 
i 1 1 . 0 0 0 .943820 0 . 8 * 0 9 2 " 0 .562657 0 .301182 0 .473155 
, l b . 0 0 0 .944444 0 .842592 0 .566329 0 .305246 0 .477184 
1 l b . 2 0 0 .9*5054 0 . 8 4 4 2 2 1 0 .569942 0 .309275 0 .481157 
l i t . 40 C .945652 0 .845817 0 .573498 0 .213267 C.485075 
' lt3.60 0 .946236 0 . 8 4 7 3 d l 0 .576998 0 .317224 0 .498037 
l b . b O 0 .946808 0 .848913 0 .580443 0 .321146 0 .492746 
19. 00 0 .047368 0.850415 C.583835 0 .325033 0.4965C2 
19.2.0 0 .947916 0 .851888 0 .587J74 0 .328385 0 .500207 
j 9 . 40 0 .948*53 0 . 8 5 3 3 3 1 C.590462 0 .332701 0.50386C 
i 9 . «£0 C ,948979 0 .854748 C.5937C1 0.336484 0 .507464 
1 9 . HO 0 .949494 0 . 8 5 6 1 3 7 C.596890 0 .340231 0 .511019 
' 2 u . u u C.950C00 0 .857499 C.600031 0.343945 0 .514526 
dl. 2l> C .95Ct95 0 .858837 C.603125 0 .347624 0 .517986 
iu» 40 
i , . 
0 .950980 0 .8601*9 C . 6 0 o l 7 3 0 .351270 0 .521*00 
* 0 . 60 0 .951456 0 .861438 C.609176 0 .354882 0 .524768 
« . ( , . C O 0 .951923 0 .862703 0.6123 36 0 .358461 0 .528092 
21 »uu 0 .952380 0 .863945 0.615052, 0 .362007 0 .531371 
Zl.cu 0.95283C 0 . 8 c 5 l 6 5 0 .617926 0 .365520 0.5346C6 
t l . 4U 0 . 9 5 3 2 7 1 0 .866363 C.620758 0 .369001 0.5378C3 
<:1 • 60 0 .953703 0 . 8 6 7 5 4 1 0 .623550 0 .372449 0 .540956 
2 1 . fcU 0 . 9 5 4 ) 2 8 0 .868697 , C.626303 0 .375866 0 .544063 
2<..oo 0 .954545 0 .869834 0 . 6 2 ° 0 1 6 0 .379251 0 . 5 4 7 i 4 0 
C.954954 0.87C952 C.631692 0 .382605 C.550173 
2 i i . H O 0 .955357 0 .872050 C.634330 0 .385928 0 .553168 
2 2 . 6 0 0 .955752 0 .873130 C . £ 3 6 9 3 2 0 .389220 0 .556124 
bo C .956140 0 .874192 0 .639*98 0 .392431 0 .559044 
25 . ^0 0 . 9 5 6 5 2 1 0 .075236 0 .642020 0 .395712 0 .561926 
2 J . ? O C.956396 0 .8762o3 0 .644525 C.398014 0 . 5r>4773 
2 - . 4 o C.957264 0 .877273 0 .646987 0 .402086 0 .567585 
oo C.957627 0 .878267 0 .649417 0 .405229 0.57C362 
2 J . 80 C.957983 0 .879245 C.651814 C.403342 0.5731C4 
t 4 • V/0 C.958333 C.88C208 C.654179 0 .411427 0 .575614 
' ^ 4 . 2 o 0 .956677 0 .881155 0.t>56513 0 .41448* 0.57849C 
. ' 4 . 4l! 0 .959016 0.882C88 C.658816 0 .417513 0 .581134 
i ' t . f U 0 .95O349 0.883C06 0 .661089 0 .420514 0 .583746 
| <:4. t o 0 .959677 0 .883909 C.663333 C.423487 0 .586327 
2 j . u o 0.96CC00 0 .884799 0 .665548 0 .426434 0 .588877 
1G5 
NORf A LISEO HYPERBOLIC 8ESSEL FUNCTIONS OF Z FRCM 0 TO 150 
ORDER 
Z 3/? 5 /2 9 /2 13 /2 ( 5 / 2 ) X ( 9 / 2 l 
2 5 . 2 5 i C.960396 0 .885893 C.668277 0 .430079 0 .592022 
2 b . 50 0 . "60784 0 .886966 C .O70963 0 .433682 0 .595121 
2 5 . 1 5 ; C.961165 0 .888019 C.6736C6 0 .43 7245 0 .598175 
2 6 . 0 0 ' 0.963 538 0 .889053 0 .676208 0 .440768 0 .601185 
it.Zi ' 0 .961904 0 .890068 C.678769 0.44<*251 0 .604151 
<.6.50 ' C.962264 0 .891064 0 .681291 0 .447694 0 . O 0 7 0 7 5 
1 2 c . 7 5 0 .962616 0 .892042 0.683775 0 .451099 0 .609957 
1 <7 .00 0 .962962 0.893CC4 C.686221 0 .454466 0 .612798 
I 2 7 . 2 b 0 .963*02 0 .893<J48 0 .688629 0 .457796 0 .615599 
i 2 7 . 5 0 ' 
! 2 7 . 7 5 
0 .963636 0 .894876 0 .691002 0 . 4 o l C 8 8 0 .618361 
0 .963963 0 .895787 0 .693339 0 .464344 0 .621085 
2 3 . 0 0 0 .964?85 0 .896683 0 .695642 0 .467563 0 . 6 2 3 7 7 1 
* b . 2 5 C.964601 0 .897564 C.697911 0 .470748 0.62642C 
2 6 . 50 0 .96491? 0 .898430 C.700147 0 .473897 0 .629033 
2 b . 7 5 0 .965217 0 . 8 9 9 2 8 1 0 .702351 0 .*77012 0 . 6 3 1 6 1 1 
<:9.00 0 .965517 0 .900118 C.704523 C.480093 0 .o34154 
2 9 . 2 5 0 . 9 6 5 8 1 1 0 .900942 0 .706664 0 .483140 0 .636663 
2 9 . 5 0 0 .966101 0 .901752 0 .708774 0 .486155 0 .639139 
2 9 . 7 5 0 .966386 0 .902549 C.710855 C.489136 0 .641582 
3 0 . 0 0 
20.<:S 
0 .966666 0 .903333 0 .712907 0 .492086 0 .643993 
0 .966942 0 . 9 C 4 i 0 4 C.71493C C.495004 0 .646372 
J O . 5 0 0.967213 0 .904864 0 .716925 0 . 4 9 7 8 O 1 0 .648720 
30 . 7 5 0 .967479 0.905(511 0.718893 0 .500747 0 .651038 
i 1 . 00 ' C.967741 0 .906347 C.720834 0 .503573 0 .653326 
0 .967999 0 .907C71 0 .722749 0 .506369 0 .655585 
J l . 5 0 0 .968253 0.9C7785 0.724638 0 .509135 0 .657816 
3 1 . 7 5 C.968503 0 .908437 0.7265C2 0 .511873 0 .660018 
3 2 . 0 0 C.968749 0 .909179 0 .728341 0 .514581 0 . C 6 2 1 9 2 
2i- .2 5 0 .968992 C.9C9661 0 .730155 0 .517262 0 .664340 
3 2 . 5 0 0 .969230 0 .910532 C. 731946 C.519915 0 . 6 6 6 * 6 1 
3 2 . 75 C.969465 0 .911193 0 .7337*4 0 .5225*0 0 .668555 
J 3 . 0 0 C 5 6 9 6 9 6 0 . « 1 1 8 4 5 0 .735458 0 .525139 0.67C624 
3 3 . 2 5 0 .969924 0 .912487 C.73718C 0 .527710 0 .672668 
3 3 . 50 0 .970149 0 .913120 0 .738881 0 .530256 0 .674687 
3 3 . 1 5 C.97C370 0 .913744 C.740559 0 .532775 C.676682 
34 . 0 0 C.97C588 0 .914359 0 .742216 0 .535269 0 .678653 
J 4 . 2 5 C.97C802 0 .9 J4966 0 .743853 0 .537738 0.68060C 
3<i.50 0 .971014 0 .915563 C.745469 0 .540182 0 .682524 
i a t . 75 0 .971223 0 . 9 1 6 ) 5 3 0 .747065 0 .542601 0 .684426 
3 5 . 0 0 0 .971428 0 .916734 0 .7486*1 0 .544997 0 .686305 
J!>.*5 C.971631 0 .917307 C.750198 0 .5473o8 0 .688162 
3 5 . SO 0 .971830 0 .917873 0 .751736 0 .549716 0 .689998 
, 3S.75 C.972027 0 .918431 0 .753255 0 .552041 0.6<U313 
I j i . C O C.972222 0.918983 0 .75*756 0 .5543*3 0 .693607 
! 36 .25 0 .972413 C.919524 0 .756239 C.55o6?2 O.o<?5380 
3 6 . 5 0 C.972602 C.92006C C.7577C4 0 .558880 0 .697133 
36 . 11 C.972739 0 .920588 0.75915? 0 .561115 0 .698867 
'3 7. CO; 0 .972972 0 .921110 0 .760583 0 .563329 0 .700581 
' 3 7 . Z 1 / 0 .973154 0 .921625 C.761997 0 .565521 0 .702276 
! 3 / . t O 0 .973333 0 .922133 0 .763395 0 . 5 6 7 6 ° 2 0 .703952 
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NORMALISED HYPERBOLIC BESSEL FUNCTIONS OF Z FRCM 0 TO 150 
CPGER 
I 3/2 5 /2 9 /2 13 /2 < 5 / 2 > X ( 9 / 2 J 
37.bO 0 .973544 0 .922734 C.765051 0 .570271 0 .705939 
3 8 . 1 0 0 .973753 0 . " 2 3 3 2 6 0 .766684 0 .572819 0 .707899 
3 o . 4 0 0 .973958 0 .523509 C.768294 0 .575339 C.709634 
3 8 . 7 0 0 .97416C 0 .924483 0 .769883 0 .577831 0 .711744 
• J 5 . OO 0 .974358 0 .925049 0 .771450 0 .580294 0 .713630 
'• 3 9 . 2 0 0 .974554 0 . 9 2 5 6 0 6 C.772997 C.582730 0 .715451 
, J 9 . 6 0 0 .974747 0 .926155 0 .774522 0 .585139 0 .717328 
. J 5 . 5 0 0 .974937 0 .926696 0.776028 0 .587521 0 .719142 
4 0 . C.975124 0 .927229 0 .777513 0 .589876 0 .720933 
4C.5G 0 .575308 0 .927754 0 ,778979 0 .592206 0.7227C2 
40.bC 0.97549C 0 .928272 C.780426 0 .594511 0 .724448 
, 4 l . 1 0 0 .975669 0 .928783 0 .781855 0 .596790 0 . 7 2 t u 7 3 
! 4 1 . H C 0 .975845 0 .929266 0 .783265 0 . 5 9 ° 0 4 4 0 .727877 
4 1 . 70 0 .976019 0 .929792 C. 784657 0 .601^75 0 .729560 
4 c . 0 0 0 .976190 0 .930272 0 .786031 0 . 6 0 3 4 8 1 0 .731223 
4 2 . 0 .976359 0 .930754 0 .787388 0.C05664 0 ,732865 
4<:.fc0 C.976525 0 .931230 0 .788728 0 .607824 0.7344P8 
4 2 . 9 0 0 .976689 0 . 9 3 1 7 0 0 0 .790051 0 .609960 0 .736091 
4 J . 2 0 C,976851 0 .932163 C.791358 0 .612075 0 .737c75 
4 3 . £ 0 ' 0 . 9 7 7 0 1 1 0 . 9 3 2 6 ) 9 0 .792649 0 .614167 0 .739241 
4 j . « G C.977168 0 .933070 0 .793924 0 .616237 0.740788 
4 4 . 1C 0 .977324 0 .933515 C.795184 0 .618286 0 .742317 
4 4 . tO 0 .977477 0 .933954 0 .796429 0 .620314 0 .743823 
44 .7C 0 .977628 0 .934387 0 .797658 0 .622320 0 .745322 
<,5.00 0 .577777 0 .934814 0 .798873 0 .624307 0 .746798 
4 5 . 3 0 0 .977924 0 . 9 3 5 2 3 6 C.800073 0 .626273 0 .748258 
45.6"0 0 . 9 7 3 0 7 0 0 .935653 C.80125S C. 628219 0 .7497C1 
4 5 . 5 0 0 .578213 0 .936064 0 .802432 C.620145 0.7513 28 
4 6 . 2 0 0 .978354 0 .936470 0 .803550 0 .632052 0 , 15Z:> 39 
4 6 . 50 C.978494 0 . 9 3 6 8 7 1 C.604736 0 .633940 0 .753934 
4 f c . 60 0 .976632 0 .937267 0 .805868 0 .635809 0 .755313 
4 7 . 1 0 0 .978768 0 . 9 3 7 6 5 8 0 .806987 0 .637659 0 .756677 
1 4 7 . 4 0 0 .978902 0 .938044 C.808093 0 .639492 0 .758027 
' 4 7 . 7 0 0 . 979035 0 .938425 0 .809186 0 .641306 0 . 7 5 9 3 6 i 
4 8 . 0 0 C.979166 0 .938802 C.810268 0 .643102 C.76C681 
4 b . ; o 0 .975296 0 .939174 0 .811337 0 . 6 4 4 8 8 1 0 . 7 o l 9 8 7 
4b.60 0 .979*23 0 . 9 3 9 5 4 1 0 .812394 0 .646643 0 .763278 
4 d , 90 C.97955C 0 . 9 3 9 9 0 4 C.813440 0.64S388 0 . 7 M 5 5 6 
4 ' , . 2 0 0 .579674 0 .940263 0 .814474 0 .650115 0 .7658?0 
4 9 . 5 0 0 .979797 0 .940618 0 .615497 0 .651827 0.767C71 
' 4S.fcO 0 .979919 0 .940968 0.8165C8 0 .653522 0.7633C8 
5 0 . 1 0 0 .980039 0 .941314 C.8175C9 0 . 6 5 5 2 0 1 0 .769533 
1 5C.4C 0 .980158 0 .941657 C.818498 0 .656664 0.77C745 
50 .70 C.98C276 0 .941995 0 .819477 0 . 6 5 8 5 1 1 0 .771944 
51.CC 0 .980392 0 .942329 C.620446 C.660143 0 .773131 
5 1 . 30 0 .980506 C.94266C C.821404 C.661760 0.7743C5 
51 . 6 0 0.Q80620 0 .9429U7 0 .822353 0 .663362 0 .775468 
D i . 90 
5 2 . ?0 
52 , 5'0 
0 .980732 0 .943310 0 .o23291 0 .664949 0 .77&619 
C.980842 0 .943629 C.824219 0 .6*6521 0 .777758 
0 .980952 0 .9 43945 0 .825138 0 .668079 0 .778985 
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NORMA LISED HVPbPBOLIC EESSEL FUNCTIONS OF Z FRCM 0 TO 150 
CRDFR 
I 3/2 5/2 9 / 2 13/2 ( 5 / 2 ) X ( 9 / 2 » 
' 5 2 . 8 5 0 .981078 0 .944309 0 .626198 0 .669878 0 .780JL87 
5 3 . 2 0 0 .981203 0 .944669 0 .827245 0 .671659 0 .781473 
5 3 . 5 5 ' 0 .981325 0 .945023 C.82828C C.673421 0 .782744 
5 ; . 9 0 0 .981447 0 .945374 0 .829302 0 .675164 0 . 784001 
54 .25 0 .981566 0 .945719 C.630312 0 .676389 0 .785243 
5 4 . 6 0 ' C. 981684 0 .946061 C.831311 0 .678596 0 . 786471 
5 4 . 9 5 , C.981801 0 .946390 0 .832298 0 .680286 0 .787685 
5 5 . j O ' 0 .981916 0 . 946731 C.833273 0 .681958 0 .788886 
5 5 . 6 5 C.982030 0 .947060 0 .834237 0 .683613 0 .790073 
56 .00 0 .982142 0 .947385 C.835190 0 .685251 0 .791247 
56 .35 0 .982253 0 .947706 0 .836133 0.68e>872 0 .792408 
56 . 70' 0 .982363 0 .948023 0 .837064 0 .688478 0 .793556 
1 57 .05 
C.982471 0 .948336 C.637965 0 .690067 0 .794692 
1 5 7 . 4 0 , 
C.982578 0 .948645 0 .838896 0.6O1640 0 .795815 
1 57 .75 0 .982633 0 .9*80 51 0 .839797 0 .693197 0.796926 
1 i d . 1 0 C.962738 0 .949253 C.84C687 0 .69*739 0 .798025 I 5 o . 4 5 ' 0 .982891 0 .949552 0 .841568 0 .696266 0 .7991J3 
i i-e.eo 0 .982993 0 .9498*7 0 .842439 0 .697778 0 .800189 
' 5->.15 0 .983093 0 .950138 0 .843301 0 .699275 0 .801? 63 
1 5 9 . 5 0 0 .983193 C.95042 1 C.644)53 C.700758 G.8023C6 
59 . e s G.983291 0 .950712 0 .844996 0 .702226 0 .803348 
, 6 0 . 2 0 0 .983388 0 .950993 C.645830 0 .703680 0 .804379 
160 .55 0 .983484 0 .951272 C.846656 0 .705120 0.8C54C0 
I 6 0 . 9 0 0 .983579 0 .951547 0 .847472 0 .7065*7 0 .806410 
l d l . 2 5 0 .983673 0 .951820 0 .648280 0 .707959 0 .807410 
[61 . 60 0 .983766 0 .952089 0 .8*9079 0 .709359 0 . 8 0 8 3 9 ° 
| 6 1 . V 5 C.983657 0 .952355 C.849870 0 .7107*5 0 .809373 
i 6 7 . 3 0 0 .983948 0 .952618 C.850653 0 .712119 C. 610348 
'62. «£ 0 .984038 0 .952879 0 .851427 0 .713479 0 .811307 
6 3 . 0 0 0 .984126 0 .953136 C.852194 0.714827 0 .812257 
6s.S5 C.984214 0 ."53391 C.852953 0 .716162 0 .813198 
63 . 70 0 . 984301 0 .953643 0 .6537C4 0 .717*85 0 .614129 
, 6 4 . 0 5 0 .984387 0 .953892 C.854447 C . 7 ] 8 7 9 6 C.815051 
! 6 4 . 4 0 C.984472 0 .954139 0 .855183 0 .720095 0 .315964 
0 4 . 7 5 0 .984555 0 .954383 0 .855912 0 .721382 0 .816868 
6 5 . 10 0 .984639 0 .954624 0 .656633 0 .722658 0 .817763 
6 5 . 4 5 0 . 984721 0 .954863 0 .857347 0 .723922 0 .818650 
6 5 . 80 0 .984802 0 .9551CC C.856054 0 .725174 0 .819528 
6 6 . 1 5 0 .984882 0 .955334 C.658754 0 .726416 0 .820397 
• 66 .5C 0 .964962 0 .955565 C.859448 0 .727646 0 .821259 
l £ 6 . e 5 0 . 985041 0 .955794 C.860134 C.728866 0 .822112 
6 7 . 2 0 0 .985119 0 . « 5 6 0 2 1 C .86081* 0 .730075 0 .822957 
67 .55 0 .985196 0 . « 5 6 2 4 5 0 .861437 0 .731273 0 .823794 
€ 7 . 9 o C.965272 0 .956468 0 .862154 C.732460 0 .824623 
'68.25" 0 .985347 0 .956688 0 .862815 0 .733638 0 .825444 
6t".cO . C.985422 0 .956905 C.663469 0 .734805 0 .826258 
0 .985496 0 . 957121 C.864117 0 .735962 0 .827064 
6)9.30 i 
6? .6b I 
7 0 . 0 0 ' 
0 .985569 0.O57334 0 .664759 0 .737100 0 .827863 
0 .985642 0 .957545 C.865394 0 .738246 0 .828655 
0 .985714 0 .957755 0 .866024 0 .739374 0 .329439 
168 
NORMALISED HYPFRBOLIC BESSEL FUNCTIONS OF Z FRCM 0 TO 150 
CRCER 
z 3 /2 5 /2 9 / 2 13 /2 ( 5 / 2 J X C 9 / 2 ) 
7 u . 4 0 0 .985795 0 . 957991 0 .866737 0 .740651 0 .830327 
7 o . 6 0 0 .985875 0 .958225 0 .867442 0 .741915 0 .831205 
7 1 . 2 0 0 .985955 0 .958456 C.868140 0 .743168 C.832075 
71.6*0 0 .986033 0 .958685 C.868830 0 .744408 0 .832935 
7 / - .0O' 0 . 986111 0 .958912 C.869514 0 .745&37 0 .833787 
72.4-0. C.9e6137 0 .959135 C.870190 0 .746854 0 . 834630 
7.4.eo 0 .986263 0 .959357 C.870859 0 .748059 0 .835465 
73. 20 C.986338 0 .959576 C.871522 0 .749253 0 .836292 
7 3 . £ C 0 .98643 3 0 .959792 C.872177 C.750436 0 .337110 
7 t . OL C.986486 C.960007 C.872826 0 .751608 0 .837920 
74 . 40 0 . 986559 0 .960219 0 .873469 0 .752770 0 .838722 
74i8G 0 . 986631 0 .960429 0 .874105 0 .753920 0 .839516 
75.2.0* 0 .586702 0 .960636 0 .874735 0 .755060 0 .840302 
7 1 . 6 0 , 0 . 986772 0 .960842 0 .875358 0 .756189 0 . 841081 
7c.00 . 0 .986842 0 .961045 0 .875975 0 .757308 0 .841852 
76 .40i C.58691C 0 .961246 0 .676587 0 .758417 0 .842616 
' 7 6 . 8 0 | C.986979 0 .961446 0 .877192 0 .759516 0 .843373 
7 7 . 2 0 ' 0 .9S7C46 0 .961643 C.877791 0 .760605 0 .844122 
7 7 . 6 0 0 .987113 0 .961838 0 .878385 0 .761685 0 .844864 
78 .00 0 . 987179 0 . 962031 C.878972 0 .762754 C.645595 
7 8 . 4 0 0 . 987244 0 .962222 C.879555 0 .763815 0 .846327 
7 ' . fc0: 0 .987309 0 .962412 C.880131 0 .764866 0 .84 7049 
7 9 . 2 0 ' 0 .987373 0 .962599 C.8807C2 0 .765907 0 .847763 
7 9 . e o 0 .987437 0 .962735 C.681268 0 .766940 0 .848*72 
80 .00 0 .987500 0 .962568 C.881828 0 .767963 0 .849L73 
b u . 4 0 0 .987562 0 .963150 0 .832383 0 .768978 0 .349368 
6 0 . 3 0 0 .987623 0 . 9c3330 0 .882933 C.769984 C.350557 
t i l . 20 0 .987684 0 .963509 0 .883478 0 .770981 0 .851239 
, H i . £ o 0 .987745 0 .963685 0 .884018 0 .771970 0 .851915 
; u i ' . oo 0 .967804 0 .963860 C.884553 0 .772950 0 .852586 
j el^.^O 
0 . ° -87864 0 .964034 0 .885083 0 .773922 0 . 853250 
!bZ.80 0 .987922 0 .564205 0 .885608 0 .774885 0 .3535C8 
d i . 20 0 . 987980 0 .964375 0 .886128 0 .775841 0 .354560 
e.} . 60 C.988038 0 .964544 0 .886643 0 .776788 0 .855207 
b ' i .00 C.588095 0 .964710 C.887154 0 .777728 0 .855647 
84.<tO C.988151 0 . 9 t 4 8 7 6 C.887661 0 .776660 0 .856*83 
b 4 . 6 0 0 .988207 0 .965039 0 .S88163 0 .779584 0 .857112 
8 5 . 2 0 0 .988262 0 .965202 C.8836&0 0 .780500 0 .857736 
, « 5 . 6 0 0 . 988317 0 .965362 0 .889153 0 . 7 8 i 4 0 9 0 .858355 
1 Cc. od 0 . 988372 0 . 965521 0 .889642 0 .782310 0 .858968 ! & c . 4 0 \ 0 .938425 0 .965o75 C.890126 0 .783204 C.d59577 
8 6 . 80 0 .988479 0 .965835 C.890606 0 .784091 0 . 8 6 0 A 7 9 
e 7 . 2 0 0 .988532 0 .965990 C.851082 0 .784971 0 .860777 
8 7 . 6 0 0 .988584 0 .966144 C.891554 0 .785343 0 .861370 
fif-.OO ' 0 . 588636 0 .966290 0 .892022 0 .786709 0 .861957 
8 o . 40 0 .988687 0 .966447 0 .892486 0 .787567 0.862540 
asi.f-o 
fcS>.*:0 
8 9 . 60 
9 0 . 0 0 
0 .988738 0 ;966596 0 .892945 0 .788419 0 .863118 
0 .988789 0 .9667*4 0 .893401 0 .789264 0 . 863691 
0 .988839 0 . 966891 C.853853 C.79010? 0 .664259 
0 .588888 0 .967C37 0 .894302 0 .790934 0 .864823 
I I 
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NORM t LISEC HYPERBOLIC BESSEL FUNCTIONS OF Z FRCM 0 TO 150 
CROER 
Z 3/2 5/2 9 / 2 13/2 ( 5 / 2 » X ( 9 / 2 1 
; 9 0 . 4 5 0 .988944 0 .967199 0 .894801 0 .791862 0 . 8 6 5 4 5 1 
9 0 . 9 0 0 .98899P 0 .967359 0 .895296 0 .792781 0 .866074 
, 9 1 . 3 5 0 .989053 0 .967518 0 .895787 0 .793693 0 .866690 
9 1 . eo 0.96<U06 0 .967676 C.896273 C.794597 C.6673C2 
9 2 . 2 5 C.989159 0 .967632 C.896754 0 .795493 0 .867907 
9 2 . 7 0 0.9Q9212 0 .967986 0 .897231 0 .796381 0.8685C8 
9 3 . 15 C.989264 0 .968139 C.8977C3 0 .797261 0.8691C2 
<J3 . 6ti C .989316 0 .968291 0 .898172 0 .798134 0 .869692 
9 4 . 0 6 0 .989367 0 . 9 6 8 4 4 1 C.898636 0 .799000 0 .870276 
9 4 . 5 0 0 .989417 0 .968589 0 .899095 0 .799858 0.37C855 
94 . 96 
9 5 . sOj 
0 .909468 0 .968737 0 . 8 9 9 5 5 1 0.e00709 0 .871428 
"C.989517 C.968883 C.9C0C02 0 .601552 0 .871997 
9 6 . 1 5 ' 0 .9695&7 0 .969027 C.900450 0 .802339 0 .872561 
9 6 . 3 0 0 .989615 0 .969170 C.900893 0 .803218 0 .873120 
9 c . 7 5 C.989664 0 .969312 C.901333 0 .804041 0 .673674 
S7 .20 0 . 9 8 9 7 1 1 0 .969453 0 .903769 0 .804857 0 .874223 
, 9 7 . 6 5 0 .989759 0 .969592 0 .902201 0 .805666 0 .874767 
| ">6 , i0 C.989806 0 .969730 C.902629 0 .806469 0.8753C7 
! V H . 5 5 0 .989852 0 .969867 0 .903053 0.807265 0 .875842 
9 9 . 0 0 0 .989898 C.970003 C.9C3474 C.808054 0 .876372 
1 9 9 . 4 5 0 . 9 8 9 9 4 4 0 .970137 0 .903891 0 .808837 0 .876898 
9 9 . V . 0 0 .989989 0.97027C 0 .904304 0 .809614 0 ,877420 
1 0 0 . 3 5 , 0 .990034 0.97C402 C.904714 0 .610384 0.877Q37 
100.bO C.990079 0 .970533 0 .905121 0 .811149 0 .878450 
; 1 0 A . 2 3 i C.990123 0 .970663 0 .905523 0.811907 0 .878958 
' 1 0 1 . 7 0 0 .990167 0 .970791 C.905923 0 .812659 0 .679462 
; x 0 2 . i 5 0 .990210 0 .970018 0 .906319 0.813405 0 .879963 
' l O ^ . i O C.99C253 0 .971045 C.9C6712 0 .814145 C.88C458 
1 0 J . 0 6 C.99C295 0.97117C 0 .907102 0.614B80 0 .880950 
1 * 0 3 . 5 0 C.990338 0 .971294 0 .907488 0 .815609 0 .881438 
1-C 3 . •* 5 C.99C379 C.971417 C.907871 0 .816332 0 .881922 
1 0 i . 4 0 0 . 9 ° 0 * 2 1 0 .971539 0 .908251 0 .817049 0 .892402 
1 0 4 . t 5 C.990462 0.97166C 0 .908628 0 .817761 0 .832873 
1 1 0 5 . 3 0 C.99C503 0 .971780 C.909002 0 .818467 0 . 3 8 3 3 5 1 
! 1 0 6 . 7 6 i C .990543 0 .071899 0 .909373 0.819168 0 .333819 
, 1 0 6 . * 0 1 0 .990583 0 .972017 C.909741 C.819863 0 .884284 
' l G o . 6 5 C.990623 0 .972134 C.910105 0 .820554 0 .884745 
' 1 1 , 7 . 10 0 .990662 0 .972250 0 .910467 0 .821239 0 .885202 
: 1 0 7 . 5 6 1 C.99C701 0 .972365 C.910826 0.821918 0 .885656 
i 10&.CC i C.990740 0 .972479 0 . O U 1 8 2 0.822593 0.3S6106 
i I O C . 4 5 ! 0 .990779 0 .972592 0 .911536 0 .825263 0 .886553 
; I 0 b . 9 u , C.990817 0 .972704 0 .911886 0 .823927 0 .886996 
1 1 0 9 . 35 1 
C.990855 0 .972816 0 .912254 0 .824587 0 .887436 
1 0 9 . b t j 
C.99C892 0 .972926 C.912579 0 ,825241 0 .387872 
' i l O . i . 5 0 .990929 0 .973035 0 . 9 1 2 9 2 1 C.825891 0 .838305 
' 1 1 0 . 7 0 , C . 9 9 0 9 6 O 0 .973144 C.913261 0 . f l2653e 0 .888735 
1 1 1 . 1 5 0 .991003 0 .973252 0 .913598 0 .827177 0 . 8 8 9 1 6 1 
1 1 1 . 6 0 ] 
i i 2 . 0 5 ; 
1 )2 .CO 
0 .993039 0 .973359 0 .913932 0.627812 0 .839584 
C.991075 0 .973465 C.914264 0.828443 C.890004 
0 . 9 9 3 1 1 1 0 .973570 0 .914593 0.829069 0 .890421 
170 
NORMA LISEC hYPERBOLIC BESSEl FUNCTIONS OF I FRCN 0 TO 150 
CRCER 
Z 3 /2 5 /2 9 /2 13/2 < 5 / 2 ) X < 9 / 2 ) 
i 
1 1 J . 0 0 C.591150 0 .973686 0 .914956 0 .829760 0 .850830 
1 x 3 . 5 0 C.991189 0 .973801 0 .915316 0 .830445 0 .891336 
l i t . 0 0 0 .^91228 0 .973915 C. 915673 0 .831125 0 .891787 
1 1 H . 5 0 C.991266 0 .974027 0 .916026 0 .831799 0 .892235 
l i b . 0 0 ' 0 .991304 0 .974139 0 .916377 0 .832468 0.85268C 
115.5C 0 . 9 9 1 3 4 1 0 .974250 0.916725 0 .833131 0 .893120 
l i t . 0 0 0 .991379 0 .974360 0.91707C 0 .833790 0 .893557 
l i o . b O C.991416 0 .974469 C.917412 0 .834443 0 . 8 9 3 9 5 1 
1 1 7 . 0 0 C.991452 0 .974578 0 .917752 0 .835091 0 . 8 9 4 4 2 1 
1 1 7 . 5 0 0 .991489 0 .974685 0 .918088 0 .835734 0 .894847 
1 i l d . u f t 0 .991525 0 .974791 C.918422 0 .636372 0.89527C 
, l l o . S O 0 . 9 9 1 5 6 1 0.9748-J7 0 .918753 0 .837005 0 .855650 
1 l i 9 . 0 0 C.591596 0 .975001 0 .919082 0 .837634 0.8961C6 
1 1 9 . 5 0 C.991o31 0 .975105 C.919408 0 .838257 0 .896515 
I 120 .00 0.9916t>6 0 .975208 0 .919731 0 .83887c 0 .396529 
1 2 0 . 5 0 ! 0 . 9 9 L 7 0 1 0 .975310 C.920052 0 .839490 0 .897336 
1 1 1 . 0 0 0 .991735 0 . 9 7 5 4 1 1 C.92037C C. 840095 0 .857735 
121 .50 1 0 .991769 0 . 9 7 5 5 1 1 C.920685 0 .840704 0 .698135 
1 2 2 . 0 0 • 0 .591803 0 . 9 7 5 6 1 1 C.920998 0.841305 0 .898536 
i 2 2 . 5 0 C.991836 0.97571C 0.921309 0 .841900 0 .898930 
1 2 3 . 0 0 0.593 869 0 .975808 0 .921617 0 .842492 0 . 8 9 9 5 2 1 
1 2 3 . 5 0 0 .991902 0 .975905 C.921923 0 .843079 0.d997C9 
t 2 i . C 0 C.991935 0 . 9 7 6 0 0 1 0 .922226 0 .843661 C.90CC94 
1 2 4 . 5 0 0 .591967 0 .976097 0 .922527 0 .844239 0 .900476 
1 2 5 . 0 0 0.99200C C.976191 C.922826 C.844833 C.9C0856 
1 2 5 . 5 0 C.992031 0.9762R6 0.923123 0 .845383 0 .901232 
1 2 6 . 0 0 0 .992063 0 .976379 0 .923417 0 .845949 0 .901605 
1 1 6 . 5 0 C.592094 0 .976472 C.5237C9 0.84651C 0 .90197c 
1 2 7 . 0 0 0 .992125 0 .976563 0 .923998 0 .847068 0 .902544 
127 . 50 0 .992156 0 .976655 0 .924286 0 .847621 0.9C27C9 
I 2 d , 0 0 C.992187 0 .976745 0 .924571 0 .848171 C.503071 
1 2 d . 5 0 0 .992217 0 .976835 0 .924855 0 .848716 0 .903431 
1 2 5 . 0 0 0 .992248 0 .9769?4 0 .925136 0 .849258 C.903788 
129.SO C. 552277 0 .977012 C.925415 0 .849796 0 .904142 
1 3 0 . 0 0 C.992307 0 .977100 0 .925692 0 .850330 0 .904494 
130.5Q 0 .992337 0 .977137 C.925967 0.85086C 0 .904843 
1 3 1 . 0 0 0 .992366 0 .977274 0 .926239 0 .853387 C.905190 
1 3 1 . 5 0 0 .992395 0 .977359 0 .920510 0 .851909 0 .905534 
1 3 2 . 0 0 0 .992424 0 .977444 0 .926779 0 .852428 0.9C587C 
1 3 2 . 5 0 0 .992452 0 .977529 0 .927046 0 .852944 0 .906215 
lis.00 0 . 9 9 2 4 8 1 0 .977613 C.527311 0 .853456 0 .906552 
1 3 3 . 5 0 C.552505 0 .977696 0 .927574 0 .853964 0 .906886 
1 3 4 . 0 0 0 .592537 0 .977779 0 .927835 0 .854469 0 .907218 
1 3 i . 5 0 0.992565 0 . 9 7 7 8 6 1 0 .928095 0.85497C 0 .907548 
C.992592 0 .977942 0 .923352 0 .0554o8 0 .907675 
1 3 5 . 5 & 
1 3 6 . 0 0 
1 J 6 . 5 0 
1 2 7 . 0 0 ' 
1 3 7 . 5 0 
0 .992619 0 .978023 C.5266C8 0 .855963 C.5C82CC 
C.992647 0 .978103 C.926862 0 .856454 0.9C3523 
0 .992673 0 .978182 C.929114 0 .356942 C.9C8843 
0.99270C 0 .978262 C.929364 0 .8574?7 0 . 9 0 9 1 6 1 
0 .992727 0 .978340 0 .929612 0 .857903 0 .909477 
NORMAL I SEC HYPERBOLIC BL-SSEL FUNCTIONS OF Z FRCM 0 TO 150 
z 
CRDER 
3/2 5/2 9 /2 13/2 < 5 / 2 ) X < 9 / 2 ) 
136.05 0.992756 0 .978426 0 .929834 0 .858434 0 .909822 
! A 3 d . 6 5 0 .992784 0 . 9 7 8 5 1 1 C.930153 0 .858956 0 .910165 
135.15 0 .992813 0 .978595 C.930420 C.859474 C.91C5C5 
; 1 3 ^ . 7 0 0.992e41 0 .978679 0 .930685 0 .859988 0 . 9 i 0 8 4 2 
I 1*0.25 0 .992869 0 .9787o2 0 .0309*8 0 .860498 0.911177 
' 1 * 0 . 8 0 C. 992897 0 .978844 C.931209 0 .861005 0 .911509 
1 * 1 . ^ 5 0.9-52925 0 .978026 0 .931466 0 .861508 0 .911839 
1 * 1 . 9 0 0 .992952 0 .979007 0 .931726 0 .862008 0 .912166 
, I i 2 . i 5 C.992979 0 .979087 C.931981 0 .862504 0 .912491 
1*3.09 0 .993006 0 .979167 0 .932234 0 .862996 0 .912814 
1 « . 3 . 5 5 0 .993033 0 .979246 C.932486 C.8634P5 C.913134 
i 4 4 . 1 0 C.99306C 0 .979325 C.932736 0 .863970 0.93 3452 
; i 65 0.993086 0 .979403 0 .932983 0 .864452 0 .913767 
•11 (5 .20 0 .993112 0 .979481 C.933229 C .8f -493i 0 .914081 
i 1 * 5 . I S : 0 .093138 C.979558 0 .933474 0 .865406 0 .914391 
i l46.3o ' 0 .99316* 0.970634 0 . 9 3 3 7 ) 6 0 .865878 0 .914/CC 
1*6.65 0 .993190 0 .979710 C.933^57 0 .866347 0 .915007 
, 1*7 .*0 0 .993215 0 .979785 0 .934196 0 .866812 0 . 9 1 5 3 U 
, 1*7.95 0 . 9 9 3 2 f 0 0 .979859 0.934433 0 .867274 0 .915613 
1 1 8 . 5 0 0 .993265 0 .979034 0.934668 0 .867733 C.915913 
1^9.05 0 .993290 0 .980007 0.93490? 0 .868139 0 .916P11 
1 * 9 . ( 0 0 .993315 C.98C080 C.935134 0 .868641 0 .916507 
150.15 0.993339 0.980153 0 .035365 0 .869091 C.916800 
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